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Introduction 

In this paper we study the monomial crystal M defined by the second author 
[32]. We show that each component of A4 can be embedded into a crystal B{X) of an 
extremal weight module V(A) introduced by Kashiwara [18] (Theorem 2.2). This 
result was originally conjectured by Kashiwara, when the second author discussed 
the result of [32] with him. We prove this result by showing that the monomial crys- 
tal is equivalent to the combinatorial crystal appeared in Kashiwara's embedding 
theorem [17]. (See Proposition 2.6.) We then study the case of extremal weight 
modules of level 0. We realize the crystal B{wi) of a level fundamental represen- 
tation via the monomial crystal (Theorem 3.2). And we determine all monomials 
appearing in the corresponding component of the monomial crystal for all funda- 
mental representations except for some fundamental representations for E^^\ i^y^"*, 
e''^\ Thus we obtain explicit descriptions of the crystals in these examples. For 
classical types, we give them in terms of tableaux. For exceptional types, we Hst 
up all monomials. Most of them have been calculated already in the literature 
([14, 38, 24, 12, 36, 27, 37, 3]), but we have a few new examples in exceptional 
types. And our method works for arbitrary fundamental representations in princi- 
ple, though we certainly need to use a computer with huge memory for the triple 
node of i?g^^ . 

One of motivations of this work comes from the study of g-characters of finite 
dimensional modules of the quantum affine algebra, introduced by Knight [25], 
Frenkel-Reshetikhin [7], and have been intensively studied for example in [6, 26, 28, 
29, 31, 32, 8, 9, 10, 5] and the references therein. In the combinatorial algorithm to 
compute g-characters for arbitrary irreducible representations [29, 31], the first step 
was to compute (t-analogs of) g-characters for level fundamental representations. 
Therefore it would be nice if we could give their explicit forms. They can be 
calculated by a computer, but we hope to see a structure by examining their possible 
relations to the crystal bases. 

In simply-laced type examples given in this paper, we construct explicit bijections 
between monomials in (/-characters, counted with multiplicities and the crystal 
bases. (The existences of abstract bijections are trivial as both have the same 
cardinality as dimensions of modules.) In fact, the computation of the crystal base 
has been done with help of explicit knowledge of g-characters. This is opposite to 
our motivation, and we need a further study to achieve it. 

Acknowledgments : The authors would like to thank the anonymous referee 
for comments. A part of this paper was written when the first author visited the 
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RIMS (Kyoto) in the summer of 2004. He would like to thank the RIMS for his 
hospitality and the excellent work conditions. 

1. Background 

In this section we give backgrounds on quantized enveloping algebras, extremal 
weight modules. 

1.1. Cartan matrix. Let C = (Cij")i<ij"<ri be a generalized Cartan matrix, i.e., 
Cij £ Z, Ci^i ~ 2, Cij < for i ^ j and Cij = if and only if Cj^i = 0. 
We set / = {1, . . . ,7i} and I = rank(C). In the following we suppose that C is 
symmetrizable, that is to say that there is a matrix D = diag(ri, . . . , r„) (r^ G N*) 
such that B = DC is symmetric. 

We consider a realization (f),n, H^) of C (see [13]): f) is a 2n — / dimensional 
Q-vector space, 11 ~ {ai, . . . , «„} C f)* (set of the simple roots) and 11^ = 
{Q!^,...,a^} C f) (set of simple coroots) are set so that aj{a'^) = Cij for 1 < 
hj < Let Ai,...,A„ G [)* (resp. the A^,...,A^ G t)) be the fundamental 
weights (resp. coweights) : A,i(aJ) = ai(AJ) = Sij. 

Let P = {A e f)* I A(a,^) G Z for alH e /} be the weight lattice and P+ = 
{A G P I A(a^) > for all z G /} the semigroup of dominant weights. Let Q = 
^.^^jZa, C P (the root lattice) and Q"*" = I]ie/^"» ^ ^O'" ^'/^ ^ ^* ^ write 
A>^if A-/iGQ+. 

1.2. Quantized enveloping algebras. In the following we suppose that q E C* 
is not a root of unity. 

Let Qi = q"^' . For / G Z, r > 0, m > m' > we introduce the following monomials 
in Z[g±]: 

[1], = ^-fr e ni^]^ W,! = [rUr - 1], . . . [1],, 

Definition 1.1. The quantized enveloping algebra Uq(Q) is the C-algebra with gen- 
erators fc/i (/i G [)), (i G /) and relations 

khkh' = kh+h', fco = 1, khxfk^h = q'^°'''-''^xf , 

h V — i- V 

J = S,j ^ 

li 

This algebra was introduced independently by Drinfeld and Jimbo. 
We use the notation kf — k±ria'^ and for Z > we set (a;f )^'^ = (xf )'/[/]g. !. 
For J C I we denote by gj the Kac-Moody algebra of Cartan matrix {Cij)ij£j. 
Let Uq{l)) the commutative subalgebra ofUq{Q) generated by the kh {h G t)). 
For V a Uq{t))-modu\e and cj G P we denote by the weight space of weight uj 
defined by 

V^^{veV \ khv = q'^'-'^^v for all he I}}. 

In particular for w G we have kiv — 9^'"' and for i G / we have x^V^j C VL±ai ■ 
We say that V is Uq{\))-diagonalizahle iiV = 0^gpK;- 
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1.3. Extremal weight modules. In this section we recall the definition of ex- 
tremal weight modules given by Kashiwara [18, 19]. 

Definition 1.2. A ^Yq(g)-module V is said to be integrable ifV is Wq([))-diagonalizable, 
the weight subspace V^j C V is finite dimensional for all uj € P, and for ^ £ P, 
i € I there is i? > such that V^±rai = {0} for r > R. 

Definition 1.3. For V an integrable ^<j(0)-module and A € P, a vector v £ V\ is 
called extremal of weight A if there are vectors {vw}wi£W such that wia = v and 

xfv^ = if ± w(A)K^) > and (xf )^ ^^^"^^^v^ = v.^^^y 

In the same way one can define the notion of extremal elements in a crystal. 
Note that if v is extremal of weight A, then for w G W , Vw is extremal of weight 
wiX). 

Definition 1.4. For A G P, the extremal weight module V{X) of extremal weight A 
is the Z^q(0)-module generated by a vector vx with the defining relations that vx is 
extremal of weight A. 

Example. If A is dominant, V{X) is the simple highest weight module of highest 
weight A. 

Theorem 1.5 ([18]). For A G P, the module V{X) is integrable and has a crystal 
basis B{X). 

Note that ux G B{X) (which represents vx) is extremal of weight A in the crystal 
B{X). 

2. Monomial crystal 

In this section we recall the definition of the monomial crystal and show that 
each connected component can be embedded in the crystal of an extremal weight 
module (Theorem 2.2). 

In this section we suppose that C is without odd cycles, i.e., there is a function 
s : / — > {0, 1} (« 1-^ Si) such that dj < —1 implies Si + Sj = 1. This situation 
includes all Cartan matrices of finite type and all Cartan matrices of affine type 
except A^^i' {1>1). 

2.1. Construction. Consider formal variables Y^^, {i £ 1,1 £ X E P) and let 

A be the set of monomials of the form m = £'^^™''^Tli^i zez^u where Ui^i{m) G 
Z, cj(m) G P such that 

(2.1) ^uu(m)=^(m)(a,^). 

For m £ A and i G I we set Ui{m) = '^i^jUij{m) . 

For example, Yr^^e^^^ G A and A,,; = e'^^Y.^^iY^j+iU^^^Y^^/'^ G A. 
We call I the grade of the variable Yi^i. 

Remark 2.1. (1) If we fix a monomial m and consider only monomials m' which 
are products of m with various Af^'s (as we shall do in this paper), uj{m') is uniquely 
determined by w(to) and Ui^i(m'). Indeed let z be a formal variable and consider 
the modified quantized Cartan matrix C{z) = {Cij{z))i_j defined by Ci_i{z) = 
[2]„ and for i + j, G,,(z) = C,,,. For P{z) G let P(z) = Eiez^i^'- 
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C{z) is invertible because {det{C{q)))n = 1 7^ 0. Let C{z) ~ iCi,j{z))ij be its 
inverse. If m'm-^ = e'^^"'^""^"^ Ilie/.iez ^m' (with vu e Z) we have Vi^i = 

'J2jei i'ez'"j.''("^'"^^^)(-^'^*.i(-^))''- safely omit e'^^™ 

(2) The group A appears, in an equivalent form, in [31] for q-characters at roots 
of unity, and also in [9] to study the q-characters of integrable representations 
of general quantum afHnizations. The additional term (denoted by k\ there) 
appears by looking at a part of a "universal 7?.-matrix". 

A monomial m is said to be J -dominant if for all j & J,l ^ Zwe have Ujj (to) > 0. 
An /-dominant monomials is said to be dominant. Let Bj is the set of J-dominant 
monomials, B is the set of dominant monomials. 

Consider the subgroup A4 (Z A defined by 

M = {m £ A \ Uij{m) = if ^ ee s,; + 1 mod [2]}. 

(For the shortness of notations, we have replaced the condition I = Si mod [2] of 
[32] by / EE + 1 mod [2]). 

Let us define wt: A — > P and e^, ^i,Pi, : A ^ Z U {00} U {—00} for i G / by 
(to G A) 

wt{m) — uj(m), 

'Pi,L{m) = ^Uij(TO), (pi{m) = ma.x{(pi^L{m) \ L e Z} > 0, 

1<L 

£i,L{m) = -^^Uij{m), ei{m) = max{ei,L(TO) | L G Z} > 0, 

1>L 

Pi{m) = max{L G Z | ei^L{m) = £i(to)} = max{L G Z | ^^^^(to) = ipi{m)}, 

KL 

qi{m) = min{L G Z | (fii^Lim) = (pi{in)} = mm{L G Z | -'^u.ij{m) e.i{m)}. 

1>L 

Then we define Ci, /; : A^ All {0} for i G / by 

'0 if£,(TO)=0, 

if £i{'fn) > 0, 

mA'7^ 
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1 , X , 1 if ij^iim] > 0. 
By [32, 21] (A^, wt, Ei, tpi, e.i, /i) is a crystal (called the monomial crystal). 

2.2. Connected components of and monomial realization of highest 
weight crystals. For to G we denote by A^(to) the subcrystal of generated 
by m. 

By [32, 21] the crystal A^(to) is isomorphic to the crystal ;B(wt(TO)) of the highest 
weight module of highest weight wt(TO), if to is dominant. 

The aim of sections 2.3 and 3 is to "generalize" this result for general to G A^. 

2.3. Embedding of A^(m) into B[X). In this section we prove the following: 

Theorem 2.2. For to G A^, the crystal A4(rn) is isomorphic to a connected com- 
ponent of the crystal B{X) of an extremal weight module for some A G P. 
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Note that it is proved in [4, Theorem 4.15] that for quantum afRne algebras, all 
the connected components of B{X) are isomorphic to each other modulo shift of 
weight by S. 

The proof is a slight modification of Kashiwara's proof of the above mentioned 
result. 

Definition 2.3. A shift on / is the data (<, ip) of a total ordering < on / and of 
a map (p: I Z such that 

(1) (p{i) > ip{j) for i < j, 

(2) if < -1 and i < j, then = ifi{j) + 1, 

(3) for i e /, Sj = ip{i) mod [2]. 

For ip: 1^1,, one says that a total ordering < on / is adapted to ip if (<, ip) is 
a shift. 

Lemma 2.4. Let p: I ^ 2, such that ip{i) — ip{j) G {±1} if Ci,j < —1 and 
Si = ip{i) mod [2] for i ^ I . Then there is at least one total ordering on I adapted 
to ip. 

Proof. For each r G Z choose a total ordering on {j £ / | p{j) ~ r}, and for each 
{i,j) € P such that p>{i) < p{j), put i > j. □ 

Note that in general there is at least one shift. Put (/^(i) = Si, and Lemma 2.4 
gives a shift {^p, <). 

In the following we fix a shift (<, (p) in /. We put a numbering / = {zi, . . . , z„} 
so that ii < 12 < ■ ■ ■ < in- 

For i & I, let Bi be the crystal Bi = {bi{l) | / G Z} with wt(6i(Z)) — lai and 

(j ^ 

= ~l, <p^{h{l)) = I, e,{bS)) = b,{l + 1), /,(6,(0) = HI ~ 1), 

e,{h{l)) = PjMl)) - ej{h{l)) - foMl)) = 0. 

Let B{co) be the crystal of U~ [q) and let T\ = {tx} (A £ P) be the crystal 

defined by wi{tx) = A, £i(iA) = Pi{t\) = -oo and ei{tx) /j(iA) = 0. 

Let C be the crystal consisting of a single element c with wt(c) = 0, ei{c) = 
(pi{c) = 0, ei(c) = /i(c) = 0. 

For TO G A we define the crystal Km = C ® ■ ■ ■ ® K2® Ki® Ko®Ta® K^i ® 
K_2 «) ■ ■ ■ ® C where for I e Z, Ki = Bi^ (E) B^^ (g) ■ ■ ■ (g) Bi^ (g) Tx(i) and X{1) = 
I]ie/^»(OAi = I]ie/"i,2/+tp(j)(™)A, and a = wt(TO) - Eie7,iez"^i("^)^i- 

We also denote (A(0, a/) by A,(0. 

Definition 2.5. Let us define A4{m) Km as follows: for to' G A1(to) with 

XI. t,2k+(p{i) XI. z,2ft:+cp(i) + l 

we define <f>'^(m') = 6 by 

6 = c (g) • ■ • (g) 62 ® &i (8) 60 to (8 6-1 (8) 6_2 ® ■ • ■ (g) c, 

where 6; = bi^{zijl)) (g ■ ■ ■ (g) bi^{zi^ll)) (g tx(i). 

The map ^j^j is well-defined as the Zi{k) depend only of to' (see Remark 2.1). 

Proposition 2.6. is a strict embedding of the crystal. 
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When m is dominant, this result appeared in [30, 8.5] in an equivalent form. 
More precisely, we parametrize Irr3* there by monomials as explained in [32, §3]. 
Then the above is exactly [30, 8.5]. 

Although the proof is exactly the same, we reproduce it here in our current 
notation for the sake of the reader. 

Proof. The injectivity is obvious. Let m! e M{m) and b = ^f-^{m'). First we have 
wt(6) — a+ Uij(rn)Ai + Zi{l)ai — wt{m) + wt{m'm~'^) = wt(m'). 

Let us prove the following formulas {i E I , L £ Z): 

(2.2) e^{bL-i)-Y,wt{bi)(a^) = - ^ uu{m'), 

1>L l>2L+ip{i) 

(2.3) ^,{bL) + Y,wt{bi)ia^)^ "mK)- 

KL l<2L+^{i) 

The equation (2.2) can be checked as 

-^{z.(o+z,(/-i)}- ^^-^.(0- E c^.Mi) -Y.^^{^) 

1>L l>L,j>i 1>L-Ij<i 1>L 

= - z,{L - 1) - Y.^^,ML - 1) + E(-E^^^-^^(o - ^dl)) 

]<i i>L jei 

= s,ibL-i)^J2'^tibi){an. 

1>L 

The equation (2.3) can be checked exactly in the same way. 
The equation (2.2) implies 

ei{b) = ma.x{ei{bL~i) - E '^t(6;)(Q;^)} = max{- E Uij{m')} ^ ei{m'). 

1>L l>2L+ip{i) 

Similarly the equation (2.3) implies ipi{b) ~ ipi{m'). 

Let us prove the compatibility with the operators e^, fi. 

If £i{m') = ei{b) = 0, then both ei{m') and 6^(6) are 0. Suppose otherwise. 
Then 6^(6) is given by replacing Zi{Li) by Zi(Li) + 1 where Li = max{L G Z | 
- E;>Lwt(6;)(a,^) = e,{b)}. Therefore e,;(&) = $^(m'Ai,2L.+cpW+i)- But 
it follows from the equation (2.2) that 2Li + ip{i) + 2 = pi(rn'), and so ei{b) = 
$;^(m'Aj p.(„/)_i) = <&5^(ei(m')). Similarly fi is compatible. □ 

Let B = Bi^ ®Bi.^®- ■ -^Bi^, and let V (resp. V~) be the subcrystal of C®- • -^B® 
B (resp. oiBig)B®- ■ -^C) of elements of the form c®- ■ ■®b{Q)®b{Q)®bi®bi-i®- ■ ■(g)bi 
(resp. 6i (g) • ■ • (g) bi-i g) 6; b{0) ® 6(0) g) • ■ • ® c) where b^ € B {1 < V < I) and 
6(0) = 6„(0)®---®6,„(0). 

Proof of Theorem 2.2. By the crystal isomorphism T\ (g) Bi ~ Bi (E) Ts.(^)^^ given by 
® bi{l) bi{l + A(a/)) (g) tsi(A); our crystal Km is isomorphic to V (E> Ty (g) V~ 
for some X' G P. 

It is known that V is isomorphic to \_\ei(b}=o ^wt(6)- (See [20, 7.2.4] for 

example.) Similarly is U/;(b)=o -^wt(h) ® B{—oo). Therefore P (gTy ® P~ is 
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a disjoint union of various B{oo) Tx ® cxd). The crystal of the modified 
enveloping algebra Uq{2) is equal to Uagp ^{'^) ®Tx<E) B{—oo) and its connected 
components can be embedded into some B{X) ([18, Corollary 9.3.4]). Therefore our 
assertion follows. □ 

3. Monomial realization of the level extremal fundamental weight 

crystals 

In this section we study in more details extremal weight crystals (Proposition 3.1) 
for quantum afHne algebras. We prove that the crystal of a level fundamental 
extremal weight module can be realized in the monomial crystal (Theorem 3.2). 

We omit e'^^™') hereafter by Remark 2.1(1). 

3.1. Extremal monomials. When m is dominant, the component M-{m) is iso- 
morphic to B{X) where A is the weight of m. But the situation is different in general, 
as not all m £ are extremal, even if the monomial is dominant or antidominant 
for each z £ /. For example in the case D\ ' , m = Y2,oYff 3 is not extremal. Indeed 
suppose that m is extremal. Then we have 

m,, = him) - Y^jYo^iY„jYi,iY^^iY3,i. 

But (wt(ms2))(ao ) = — 1 < and fo{77is2) ~ Y^^Y\^\Y^^\Y-},,\ ^ 0, and so rag^ is 
not extremal, we have a contradiction. 

However we have the following consequence of Theorem 2.2. 

Proposition 3.1. Let (<(5, <) he a shift. Then for (Zi,...,Z„) G Z", the mono- 
mial m = Y[iei^t,p{i) ^ M. is extremal and M.{m) is isomorphic to the connected 
component of B{wt{m)) generated by Uwt(Tn)- 

Proof. Consider the morphism It follows from Theorem 2.2 that it gives an 
embedding (m) C B{X) where X £ P. But for this particular m we have ^f^{m) = 
c C2) • • ■ (g) 6(0) ® 6(0) (g) iwt(m) ® 6(0) ® 6(0) ® ■ ■ - ^cin Proposition 2.6. So m is sent 
to Uwt(m) G S(wt(m)) which is extremal. □ 

3.2. Monomial realization of the level extremal fundamental weight 
crystals. We suppose that C is of afHne type. Let us number the set of simple 
roots as / = {0, 1, . . . ,n}. We choose the extra vertices so that oq = Cq = 1 

(2) 

(except A2n, ao = 2, = 1), and the index number of the vertices are the 
notations of [13] (for untwisted cases X^^^ we use the enumeration of finite type 
of [13] for the sub-Dynkin diagram of type X). This choice is unique up to an 
automorphism of the Dynkin diagram. We set Iq ~ I \ {0}. 

(2)i (2) 

We also consider a new type ) which is the same as > but we take the 

(2)i 

opposite numbering convention from [13], i.e., the vertex i in is the the vertex 

(2) (2) 
n — i in • In particular, the extra vertex is the vertex n in A^^^ , and we have 

flo = 1, Og = 2. We need to distinguish these as we consider the restriction of 

representations to Uq{Qig). Note also that this convention was taken in [4]. 

Let ^ Y.iei'^^'i ■ There is a unique c G Ejg/ ^^^^^ such that {h e Q'^ \ 
ai{h) ^ for all i <E 1} — 1c. We write c — J2iei ^i'^i ■ the same way one 
can define S ~ X^ie/'^*'^* ^ Q- The a; are given in [13], the a/ are the ai of the 
transposed Cartan matrix. 

We have {uj e P \ w(a,^) = for all i e 1} ^QSnP. Put Pel = P/iQS n P). 
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Let po = {A e P I A(c) ^ 0} be the set of level weights. 

Let Uq{Q)' be the subalgebra o{Uq{Q) generated by and kh {h G ^Qa,^). 
This has Pci as a weight lattice. We have the corresponding definition of the crystal. 
When we want to distinguish crystals ofUq{g) and Uq{gy , we call the former a P- 
crystal, and the latter a Pci-crystal. 

For i G Iq, let us define a level fundamental weight vji by — a^Ap G P" 
when Q ^ ^2n, and 

G7j = Ai - Aq (i / n), n7„ = 2A„ - Aq 

when g = ^2ri • The corresponding extremal weight module V{vJi) are called a 
level fundamental extremal weight module. Those representations and their crystal 
have been intensively studied, see [1, 2, 4, 19, 22, 34, 35]. 

We identify these with (usual) fundamental weights of the finite dimensional Lie 

f2H f2lt 

algebra g/„ when (g, i) ^ {A\^ ,n). For (g,«) = (Ajn , n), we identify Wn with 
the twice of the n}^ fundamental weight. We denote by ViQ{wi) the corresponding 
irreducible Z//g(0/n)-module, and by Bio{wi) its crystal base, for either case. 
As B{wi) is connected (see [19]), it follows from Proposition 3.1 that 

Theorem 3.2. Let (<,'p) he a shift on I. For i G Iq, let M be the monomial 

given by ^^(o) for ¥= ^2«^ M = Y,^^(^,)Y~^^^^ for g = A^^j^ i ^ n, 

and M = ip{n)^o'<^{o) for Q ~ ^2ri^; i = n. Then M is extremal in M. and 
M{M)~B{wi). 

This result estabHshes a monomial realization of the level extremal fundamental 
weight crystals B{vJi). We will give some examples in Sect. 5. 

Not all monomials of weight voi give a crystal isomorphic to B{wi) (see the 
example in Sect. 3.1). However there are some other monomials which generate the 
same crystal as we will see in the next subsection. 

3.3. Other monomial realizations. For i G /, let > be the distance between 
i and 0, that is to say the minimum p > such that there exists a sequence 
{0 = io7 jij • ■ • J jp = j} of distinct elements of / satisfying Cj^j^^-^ < —1. 
Suppose g ^ for brevity. 

Corollary 3.3. Let i G /o and 1,1' G "Z such that I — I' G {—(^i, + 2, . . . , 6i} and 
V = So mod [2]. We have M{YuYf;^i'^'^ ) ~ Biw,). 

Proof. It follows from Theorem 3.2 that it suffices to show that there is a shift 
{^tV) such that ip(i) = I and 93(0) = V. Suppose that I — I' < (the proof is the 
same for l-l' >0) and let a = (6*, + / - l')/2. Define / ^ Z by ip{j) = I' + Oj if 
9j < a and (p{j) = I' + 2a — 6j if 9j > a. We can conclude with Lemma 2.4. □ 

For example in all cases we have the following: 

(1) if 9, G 2Z then M{Y,fiYo-f ) ~ B{w,), 

(2) if 0i G 2Z + 1 then MiY,^oY(^f ) ~ B{w,). 

Proposition 3.4. Suppose that C is of type Dn '' (n > 4) and leti G {2, . . . , n — 2}. 
Then M — ^i,o^o i-i^o i+i extremal and B{M) ~ ,6(137^). 
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Proof. First suppose that « < n — 3. Consider 

m = (/2 • ■ • h-ih){M) = Y^l^^,,,^^Y^^Y,+,^,. 

Let us define ip: I ^ Z hj Lp{Q) = i + I, Lp{2) = i, (^(1) = ip{3) ~ i — 1, </j(4) = i — 
2, . . . , tp{n—2) = i—n+A, tp{n) = (p{n—l) = i—n+5. Lemma 2.4 gives a shift {(p, <). 
So it follows from Proposition 3.1 that m is extremal, and so M — ms-si_i...s2 is 
extremal. 

If i = n — 2, in the same way we consider 

™ - (/2 • • • h-ih){M) = Y,-^_,Yi,r.-3Y,:^_,Y,,_i,,Y^,i. 

□ 

In the following we will see various examples of realizations of the level extremal 
fundamental weight crystals. 

4. Finite dimensional crystals - start 

Kashiwara has shown that there are a Wg(0)'-automorphism zi of the level fun- 
damental extremal weight module V{vJi) preserving the global crystal base, and the 
induced Pci-crystal automorphism, denoted also by z^, on the crystal B{vji) [19]. 
The weight of zi in the P-crystal is di5 where dt = max(l, a//a^) except de = I 
for {q,£) — (Ajn , n). The quotient B{wi)/zi is the crystal of the finite dimen- 
sional irreducible Z-/g(g)'-module W{wt) ~ V(wi)/{zi — \)V{'dji). We denote it by 
B{W{wi)). We call WitUi) the level fundamental representation. 

After Theorem 3.2 it is natural to ask the followings. 

(1) Give an expHcit description of monomials appearing in M{M). 

(2) Give an explicit description of the automorphism zi. 

Note that the automorphism z^ is defined as a composite of operators e^, /i's. 
But we require more explicit description. 

We do not answer these questions in general, but we give examples in the next 
sections. These are motivated by known descriptions of level crystals in terms of 
tableaux [14, 24, 37] in part, but closer to those of g-characters [32]. 

Before giving examples, we define Pci-crystal automorphisms on the monomial 
crystal M. For p G Z, a G Q6 Ci P let T2p^a denote the map T2p^a : M ^ M defined 
by T'2p,a(e'^ n^i"n ") = Yl^i^n+2p- ^his clearly preserves the compatibility 
condition (2.1) and is a Pci-crystal automorphism. In the following, we omit a 
from the notation and denote simply by T2p. 

Suppose that M{M) is a monomial crystal isomorphic to B{iui) such that M is 
an extremal vector with eiM ~ for all i G /o- If we have a monomial m g A4{M) 
with wt(m) = wt(Af) + NdiS for TV G Z, then we have m = zf {M). This follows 
from [19, §5.2]. In particular, if A^(M) is isomorphic to B[wi) and preserved under 
T2p, then T2p is equal to a power of z^. 

In the following examples, we answer the above questions (1),(2) in the following 
manner: 

(1) First show that M [M) is invariant under T2p for some p. Then M [M) / T2p — 
B{zui)/zf for some A^. 

(2) We determine all monomials in M{M)/T2p and give zg expHcitly in these 
monomials. 
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We thus obtain explicit descriptions of crystals of some finite dimensional rep- 
resentations oiUq{Qy : we treat all fundamental representations except some fun- 
damental representations for Eq^\ Ey'\ E^^\ However it is natural to hope this 
procedure works for any fundamental representations with appropriate choices of 
the initial monomials to. 

Note that the uniqueness of the crystal base for W{'UJi) is not known so far. 
But all the examples where we compare the crystal base with those existing in the 
literature, we can always prove that the crystal base is isomorphic. 

4.1. Let us illustrate our description in type ^2r+i '^ith n = 2r + 1 (r > 0). 
Mimicking the definition in [32, 15], we define 

Hp = Yk-\p+kYk,P+k-i for 1 < fc < n + 1, p G Z, 

where Yn+i.p is understood as Yq.p- 

4.1.1. Let us consider the first level fundamental extremal weight module ^(izJi). 
Let M = ri,pyoTp+i- We have A^(M) ~ ^(wi) by Corollary 3.3. 

Then the crystal graph of A4{M) is given in Figure 1. Here 0[n -I- 1] means 




0[n+l] 




Figure 1. (Type An"^) the crystal B{mi) of the vector representation 
/ori+i = I 1 I i-e., the suffix is shifted by ti -I- 1. In particular M{M) is 



Jp+ii 

preserved under Tn+i, which has weight —S. Therefore we have zi = r_„_i and 
M{M)/T,,+i^B{Wiwi)). 

4.1.2. Next consider B{we) for i < r + 1. (The description for the remaining case 
£ > r + 1 can be obtained from these cases by applying a diagram automorphism.) 
Let Mo = YifiY'l. It follows from Corollary 3.3 that M{Mo) ^ B{wi,). We set 



TTH X n H 

i-i-\-LJn-e-2p+2j+2 11 I \e+l-2p+2j 



p=l P=j+1 

with < j < i. Note that Me = Ye,n+iY^n+i+i = t„+i(Mo). Note also that 
Mi=T2{Mo) foi e = r + l. 

For an increasing sequence T = (1 < ii < 12 < • ■ • < < n -f 1) of integers (i.e., 
a Young tableaux of shape {£)) we assign 



= TT I iv I X TT [771 for < < ^ — 1 

11 l_!_Jn-^-2)3+2i+2 11 I k+l-2p+2j —J — 



Jn-e-2p+2j+2 
p=l P=j+1 
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Then one can directly check that 

(1) Mia{Mj) consists of mr-j for various sequences T (cf. [32, 4.6]), 

(2) ,fo{mT:j) with T — (2, 3, n + 1) is equal to A/j+i, 

(3) the automorphism a defined by mr-j i— > rriT-j+i {j, j + 1 are understood 
modulo £) is a Pci-crystal automorphism. 

Here, for J C I and m G we denote by Mj{m) the set of monomials obtained by 
applying ej, fj with j G J to m. It is a crystal for the Lie subalgebra gj associated 
with J . 

From (2) all Mj (and hence rriT-j by (1)) are in AI(Afo) by induction. Computing 
the weights, we find that Mj = (zi)~^ (Mq) as explained above. In particular, 
Tn+i = {zi)~^. In the case ^ = r + 1, we have T2 = z'^^ . Therefore M.{Mo)/t2 ~ 
B{W{vJr+i))- By the same reason mentioned above, cr is equal to z^. Therefore 
MiMo)/a B{W{TUi)). 

Let us describe Kashiwara operators e^, fi in terms of tableaux. This can be 
done by transfering the definition of those operators on monomials to tableaux. For 
i ^ we have eiUiT-j = niT'-j or 0. Here T' is obtained from T by replacing i by 
i — 1. If it is not possible (say, when we have both i — 1 and i in T), then it is zero. 
Similarly fi = ■mT"-j or 0, where T" is given by replacing i hy i + 1. We can also 
describe the action of eo, /o : 



Here we extend the definition of rriT-j from < j < ^ — 1 to all j G Z so that 

niT-j+e = Tn+iniT-j. 

As a corollary we get a description of B{W{we)) in terms of tableaux. This 
coincides with one in [14]. We also get an isomorphism of /g-crystals B{W{vj£)) ~ 
Big{voi). This is a well-known result. 

Comparing the above descriptions with the tableaux sum expressions of q- 
characters in [32], we see that there is a bijection between A4{MQ)/a ~ B{W{uJi)) 
and monomials appearing the ^-characters of W{vJi). In fact, the bijection is sim- 
ply given by putting Yb,* = 1 in rriT-fl- 




if ii = 1 or ie ^ n + 1, 
if ii 7^ 1 and ii = n + 1. 



if ii ^ 1 or if = n + 1, 
if ii = 1 and ii n + 1 



5. Finite dimensional crystals 



CLASSICAL types 



In this section we treat all classical types. 



5.1. Type dI^\ Let B = {1, . . . , n,n, . . . , 
Bby 



1}. We give the ordering -< on the set 



n 



1^2-<----<n-l-( -<?i-l-<----<2-<l. 



n 



Remark that there is no order between n and n. 
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For p G Z, mimicking the definition in [32, 15], we define 

yi,p, Ei]p ^ ^0,p+2^1,p+2^2,p+l, 

i^jFi^p+i-i (3<i<7i-2), 







□p 




B 




Hp 




mp 




Hp 





= Yn- 



2,p+>i-l -^i — l,p+n J'n.p+rai 



l-n-2, 



I " I p ~ ^-l,p+n-2^,p+n, 

(3<i<n-2), 

i,p+2n-3' I ^ \ p ^ ^0,p+2n-4^i_p+2n-2- 

We define the i-grade gr^( | * \ ^) as the grade of the variable Y,;,* appearing in 
I * 1 ^. If „. does not appear, it is not defined. As variables appear at most once, 
it is well-defined. When the suffix is clear from the context, we may omit it and 
simply write gr^( | * | ). 

5.1.1. First consider the case i ~ 1. We take M ~ yL,pi^o7p+2- follows from 
Corollary 3.3 that M{M) ~ B{vji). The crystal graph of M{M) is given in Fig- 
ure 2. 



0[2n-4] 



□p-^Sp-^ 



-Sp-^Sp 





n 


P " 


-1 














' 0[2n 


-4] 



Figure 2. (Type Dn^) the crystal B{'cui) of the vector representation 
We have 



foi[IX)=Yi 



p+2n-4-' o,p+2n-2 



I— Ljp+2n- 



./o([X]p) " ^0,p+2ri-2^1,p+2n-2^2,p-(-2n- 



L2jp-(-2n-4' 

Therefore M{M) is preserved under r2„_4. Computing weights as above, we find 
that zi = T4_2n and so we have ^A{M)/T2n-4 — B{W{zui)). We also get an 
isomorphism of /o-crystals B{W{vji)) ~ Big{'^i)- 

5.1.2. Preliminary results for crystals of finite type D. As is illustrated in examples 
in type An \ we first need to describe the /g-crystal structure on the monomials. 
This will be given in this subsection. All the results on the /g-crystal are indepen- 
dent of the information on Iq,*, so we set Yb,* as 1 in this subsection. Note also 
that results can be modified in an obvious manner so that the suffixes of | | ^ can 
be shifted simultaneously. We will use the results in these modified forms in later 
subsections. 

Theorem 5.1. Let 1 < £ < n — 2 and 

^=Q-iQ-3---Hi-r 
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Then A4ig{M) is isomorphic to Big{we) and is equal to the set of monomials 

'"i^=Q-iH£-3---Ei-£' 

indexed by the set Di^^o of tableaux T ~ (ii, . . . satisfying the conditions 

(1) e B,ii ^ ^2 ^' ■ ■■ ^ if, 

(2) there is no pair a, b such that 1 < a < b < £ and ia ~ k, = k and 
b — a = n — 1 — k. 

Moreover the map T ^ rriT defines a bisection between I?£.o,o and A4i„{M). 

This result follows from [32, 3.4, 5.5]. It was also proved by Kang-Kim-Shin [15] 
in the present form. We briefly recall their argument for a later purpose. They 
checked the following statements: 

(a) The set of monomials mr with T satisfying (1), but not necessarily (2), is 
preserved by e^, ft. 

(b) If a monomial mr satisfies iirriT = for all i = 1, . . . , n, then mr must be 
equal to M. 

(c) For a tableau T satisfying (1), there exists a tableau T' satisfying (1),(2) 
and Tot = ttit' ■ 

(d) The tableau T satisfying (1),(2) is uniquely determined from the monomial 

TOy. 

The statement (d) is not explicitly stated in [15], but follows from [15, Prop. 3.2] 
or the argument below. 

Let us give an example for the procedure (c). Suppose n = 7 and T = (2, 3, 4, 3, 2). 
Using the relation \ k\ fe „, , , > = fcH , , , several times, we get 

= S4S2SoH-2S-4- 

Thus T' = (4,5,6,6,5). In general, we replace the pair | fc IJ fe by 
, , repeatedly from fc = 1 to n — 2. 



k+1 



k+1 



As we saw in examples in type An^ , we need to study a tableau whose suffixes 
may jump. FoTl<£<n-2,0<r<n-i-l,0<h<i\et 

Q-lQ-3---Q-2h+l) X &-2/.-2r-S-2h-2.-3---Hl-£- 



= nQ-2p+l^ n Q+l- 
p—l p—h+1 

and consider a monomial 



2p-2r 



TUT 



- (E£-lB-3'"E«-2/.+l) ^ (B-2h-2,-S-2/.-2r-3'"El-«-2r 



appearing in M-ig{M(^h,r)- When h = or £, these are obtained from A4ig{M) in 
Theorem 5.1 by the simultaneous shift of grades. 

We should consider T as a tableau of shape {h, £ — h) (one column with h boxes 
and one column with £ ~ h boxes), where the second column is shifted below by 
h + r boxes. But we simply denote it by T = ((ii, . . . ,ih), (*/i+i, ■ • ■ ,«i)) or by 
T ~ {ii,. . . ,ig) for the sake of spaces. 
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From the proof of Theorem 5.1 in [15], we have 

H ^ «2 ^ • • • ^ i/i, 

lh+1 t- ^ • • ■ ^ If. 

Let us study the order between ih and ih+i- The following example shows that 
ih ^ ih+1 may not be satisfied in general: Let n = 7, £ = 3, r = 7i — £ — 2 = 2. 
Consider the starting monomial M — | i ^ 2 | _ J 3 It gives in the crystal 
Mi„{M) the monomial m = |T]^|T]_,|T]_^ = r275^r3,4i^37o^>4,-i>3,2i473^ If we 
apply /a, we get the monomial to' = Y^qY4^c^Y^qY4_^iY3,2Y^^ and this monomial 
can only be written in the form to' = 14^4 | _^ | 4 . 

The condition (2) in Theorem 5.1 also needs to be modified for the pair a, b with 
a < h, h+1 < has the suffix jump. A naive guess is to replace n—l—k by n—r—k—1, 
but this change does not work as indicated by the following example: Consider the 
case n = 6, ^ = 4, r = l and the starting monomial to = | i y 2 | _ J 3 | _.:( [~4~| _^. 

Then consider the monomial to' = | i U 2 | _ J 3 L 3 ["^ _^ = Yi,3Yi75^yi7i^^3,-i- For 
b — A and a = 1, we have b — a = n — r — k — l = 3. Thus this monomial violates the 
condition (2) of Theorem 5.1. But if we replace the pair (ii, 14) = (1, 1) to (2, 2) as 
before, we get | 2 ^ 2 \ _^ \ 3 | _c. r^ _c;) which does not satisfies the condition (1) of 
Theorem 5.1. In the original situation we can further replace the pair («2j m) = (2, 2) 
to (3, 3), and then further (13, 14) = (3, 3) to (4, 4) to achieve the condition (1). But 
we cannot make this replacement as | 2 | _-^ p^ _c^ ^ \ 3 | _.^ pS~| _^. 
We modify the condition (2) as follows. 



(D.2) There 


is no 


pair a, b such that 1 


< 


a 


< b < h and ia ~ 


k, 


ib = 


k and 


b — a - 


= n — 


1 - k. 














(D.3) There 


is no 


pair a, b such that h - 


h 1 


< 


a < b < i and ia = 


- k, 


ib = 


k and 


b — a - 


= n — 


l~k. 














(D.4) There 


is no 


pair a, b such that a 


< 


h 


, h + I < b , ia = 


k, 


ib = 


k and 


b — a - 


= n — 


max(r, 1) — k. 















The conditions (D.2, 3) can be achieved without changing the corresponding 
monomial by the procedure explained above. For (D.4) (when r > 1), we replace 
a pair (ia, if,) = (fc, k) with b — a = n ~ max(r, 1) ~ fc by (fc — 1, fc — 1). If there 
are several such pairs or this procedure yields a new such pair, we replace them 
repeatedly starting from k ^ n — 1, then k = n — 2,..., and finally to fc = 2. (Note 
that this is converse to the order of the procedure for (D.2, 3).) Asr<n — £— 1, 
the condition (D.4) always holds for fc = 1. 

Our approach to determine all monomials appearing in Mig{M£^h,r) is to relate 
them to monomials in Mi(,{Mi^h,r-i)- Since we understand the case r = 0, we 
know a general case inductively. 

In order to accomplish this approach, we first remark that the crystal structure 
on the monomials can be transfered to that on the tableaux satisfying (D.l 4). 

Lemma 5.2. There exists a unique crystal structure on the set of tableaux T sat- 
isfying (D.l ~ 4) such that T ^-^ tot is a strict morphism, i.e., it preserves Sk, ^fik, 
wt and commutes with fk, e^. 

Proof. We transfer Sk, ifik, wt on monomials to those on tableaux via T i-^ m^. 
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Let us define fk on tableaux, (e^ can be defined in the same way.) In general, 
fkiTT'T 7^ can be written as tot' for a tableau T' which is obtained by replacing an 
entry ia in T by a new one according to the rule described in Figure 2. To define 
fk on tableaux, we need to specify the entry ia to be replaced. There might be 
ambiguity when we have a pair (iajib) = {k,k + 1) with grfc( | i„ | ) = grfc( | | ). This 
happens when b — a = n — 1 — k for a,b < h or h+1 < a, b and b — a~n — I — k~r 
for a < h, h + 1 < b. In the first case (or the second case with r = 0) we replace k 
hj k + 1. In the second case with r ^ we replace k + 1 hy k. Note that we are 
forced to take these choices by (D.2 ~ 4). Now the assertion is clear. □ 

Let us prove the statement (d) after Theorem 5.1 as we promised. From (a),(c) 
we have a surjective map T i— > uit. Since it commutes with ii and /i, the injectivity 
follows if we check that CiT = for all i implies T = {!,...,£). But the proof of 
the statement (b) in [15], in fact, gives this statement. 

Let us next define a map ai^h,r from tableaux satisfying (D.l 4) to those where 
we increase r by 1, i.e., each | |^ is replaced by | ig | ^ ^forc>/i+l. 

Almost all the cases, (Ti,h.r{T) is just T. But the condition (D.4) is violated if there 
is a pair {ia, ib) = {k, k) such that a < h + \ <b and b — a = n — r — k — 1. We 
replace it by (fc + 1, fc + 1). If there are several such pairs or this procedure yields 
a new such pair, we replace them repeatedly starting from A: = lton — r — 1. We 
define T' ~ a-f.h,r{T) as the final result. As we have 



H£-2a+lEl- 



2r-26+l 



k+l 



-2a+l 



k+l 



e-2r-2b+V 

the procedure keeps the corresponding monomial unchanged if we do not change r 
for the map T ^ uit. 

Let us check that ai,h,r intertwines fk- By definition, cre^h.rfkT is possibly dif- 
ferent from fk<yi,h,rT if there is a pair {ia,ib) with a<h, h+l<b such that the 
order of fc-grades p = grfc( | ig | ), q = grfc( | it | ) are changed by <JeM,r- If both ia and 
ib contribute to Yfc., in positive or negative powers, the rule for fkT is changed 
accordingly. (See the proof of Lemma 5.2 how fkT is defined.) Thus it is enough 
to study the case when one contributes in positive, and the other in negative. For 
k — n — 1, n such a change cannot occur. As grades can only be shifted by 2, for 
A: < n — 2 we have a possible change only when p + 2 = q for (ia, ib) = [k, k), and 
p ~ q for {ia,ib) ^ {k + l,k + 1). These are equivalent to 

\b — a = n — r — k — 1 if (ia, ib) = {k, k), 



\b — a = n — r — k — 2 if (ia, ib) = {k + I, k + I) . 

Therefore if there is no pair {ia,ib) = {k,k) with a<h, h + l<b and 6 — a = 
n — r — fc — 1 for any fc, then fkmT is unchanged when we increase r by 1. But we 
have defined ae^h,r exactly so that this condition is achieved. Thus we have 

(TLh,rfkT = fk<Je,h,rT for all k G lo- 

This equality holds even if fkT = 0. 

Similarly we define cr^ ^ ^(T) as follows. When r = 1, we simply set it T. Assume 

r > 1 hereafter. Suppose that there is a pair {ia,ib) = {k,k) such that a < h, 
h + 1 < b and b — a = n~r — k + l. We replace it by {k — 1, k — 1). If there 
are several such pairs or this procedure yields a new such pair, we replace them 
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repeatedly starting from k ~ n — r to 3. We define ct^ ,j ,,(r) as the final result. As 
r < n - £ - 1, we have e + k>b-a + k + l = n- r + 2>£ + 3. Therefore fc < 2 
cannot happen, so fc — 1 S B. 

These maps are somewhat similar to one defined in [15, Prop. 3.2]. 
Now we introduce new conditions: 
(D.5) Suppose that ih+i = k G {1, ... ,n — 1} and ih ^ ih+i- Then ih = k' is 
also in{l,...,n— 1}, and the successive part (fc', fc' — 1, . . . , fc) appears as 
(ib',ib'+i, ■ ■ ■ ,ib) with n — r — k<b — h<n~k — 1. 
(D.6) Suppose that ih+i = k S {1, ... ,n — 1} and ih h hi+i- Then ih = fc' is 
also in{l,...,ri — 1}, and the successive part (fc', fc' + 1, . . . , fc) appears as 
{ia' I *a'+ij ■ • ■ I *a) with n~r — k<h — a<n^k~l. 
(D.7) If ih+i = n or n, then ih ^ 4+1- 
Note that (D.l) implies that the successive part in (D.5) occurs in 6' > ft- + 1. 
This together with the second inequality (and 6 + fc = &' + fc') implies fc' < n — 2. 
Thus ih — n — l,n — 2 cannot happen in (D.5). Similarly ih+i = n — l,n — 2, 
cannot happen in (D.6). 

Definition 5.3. Let Di^h,r be the set of tableaux T satisfying (D.l ~ 7). 

Remark 5.4. When r = 0, the conditions (D.l ~ 7) are equivalent to (1),(2) in 
Theorem 5.1. 

Proposition 5.5. (7i,h,r defines a crystal isomorphism from Di^h,r to Di^h,r+i- Its 
inverse is given by a'^ 

As a corollary we have 

Theorem 5.6. The map T ^ ttit induces a crystal isomorphism between Di_h,r 
and Mia{Mi^h,r)- 

Proof. We first prove that the image of Di^h,r is contained in Mig{Mi^h,r) by the 
induction on r. This is true for r = by Theorem 5.1. Suppose it is true for r. 
First note that ai^h,r maps T = (1, . . . , £) to {!,...,£). Take T £ Di^h,r+i- By the 
induction hypothesis m„'^ ^ r+iC^) written as 

ma-'^ ~ fhfi2 ■ ■ ■ fiN^e^h^r 

for N > 0, ip € Iq. We then have 

m-T = fiifi2 • ■ • fiN^Ie,h,r+l- 

This shows mr G Mio{^h,h,r+i)- 

As the crystal graph of Mio{Mg^h,r) is connected by its definition, the map is 
surjective. 

By the induction on r, it follows that the only tableau T with e^T = for all 
I £ /o is the highest one T = (1, . . . , £). This shows that the strict crystal morphism 
T rriT is injective. □ 

Proof of Proposition 5.5. It is enough to show that ai^h,r is a set theoretical bijec- 
tion, as we already observed that it is a strict crystal morphism. 

When r = 0, there is no pair {ia, ib) = (fc, fc) to replace by (D.2 ~ 4). Thus ai^h.o 
is just an identity. Also cr'^ h i identity by definition. On the other hand, the 

conditions (D.l ~ 7) are the same for r = and 1. Therefore the assertion is true 
for r 0. We assume r > hereafter. 
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Suppose T satisfies (D.l ~ 7). We show that (JeM,r{T) also satisfies (D.l ~ 7). 
The condition (D.l) is clearly satisfied. The condition (D.4) with r replaced by 
r + 1 is satisfied by the definition of ag^h.r- 

We study the cases ih h ih+i and it ^ ih+i separately. 

Case (1): ih h ih+i- 

We assume ih+i = fc G {1, . . . , n — 1}. By (D.5) in = k' G {1, . . . , n — 1} and 
there exists a successive part {k', . . . ,k) = [iy , . . . ,ib) with h+l<b',n — r~k< 
b — h<n— l~k. The condition (D.2) automatically holds as i/i G {1, . . . , n — 1}. 

Suppose that ih is replaced during the procedure. Then in the middle of the 
procedure, we find an entry i'g with i'g = k, B>h + 1, B — h = n — r — k — 1. 
As i'g is obtained by replacing is, we have i'g ^ is- Therefore B > b. But this 
contradicts with (D.5) as 

n^r — k — l = B — h>b — h>n~r~k. 

Therefore ih remains unchanged during the procedure. Therefore the procedure is 
performed for pairs {K, K) with < fc, so all (i/i, ih+i, ■■■,%) are also unchanged. 
Thus (D.5) remains true. Suppose (D.3) is violated, i.e., there exists {iA,iB) = 
{K, K) with B>A>h+l,B~A = Ti~l — K. As K > k, such a pair can appear 
only in {ih+i, ■ ■ ■ , ib)- But this part is unchanged, so (D.3) for r impHes that this 
cannot happen. Thus (D.3) is also satisfied. 

We can similarly check the assertion when ih+i S {1, . . . , n — 1}. 

Case (2): ih ^ ih+i- 

Suppose that we apply the above procedure to a tableau T = ((ii, • • • , i^), {ih+i, • ■ ■ 
to get a new tableau T' = ((ji, • • • , j/i), {jh+i, ■ ■ ■ ,ji))- We separate the cases ac- 
cording to the order among jh and jh+i- 

Subcase (2.1): jh h jh+i and ih+i G {1, . . . , n}. 

As ih+i is unchanged, jh h jh+i can happen only when ih is replaced during 
the procedure. Suppose that ih is replaced from k' to m with m > k' + 1. Then 
the procedure yields a successive part {jb, ■ ■ ■ ,jb") ~ {m, . . . , fc' + 1) with b — h = 
n — r — m. We have 

m = jh h jh+i = ih+i ^ ih = k' 
Thus jh+i can appear only in the successive part, so (D.5) is satisfied with r replaced 
by r + 1. 

The condition (D.2) is automatic. Suppose that (D.3) is violated, i.e., there 
exists {jAjs) = iK,K) with B>A>h, B-A = n-1-K. We have K > 
jh+i = ih+i ih = k' . Therefore js can occur only in i? < b" . If js appears 
outside of the successive part, then js = is and we have a contradiction with (D.3) 
for the original tableau. If js appears in the successive part, we have 

n-\-K = B- A<B-h = n- r-K. 

As r > 1, we have a contradiction. 

Similarly we can check the assertion jh h jh+i and ih G {l,...,rT}. When 
ih € {1, ■ ■ ■ ,«.}, ih+i G {I7 • ■ • the inequality jh h jh+i cannot happen. Thus 
we checked the assertion when jh h jh+i- 

Subcase (2.2): jh ^ jh+i- 

The conditions (D.5 ~ 7) are satisfied by the assumption. Let {ja,jb) ~ [k + 
1, fc + 1) with 6 — a = 7i — r — fc— Ibe the pair obtained by the last replacement in 
the procedure. We suppose that (D.2) is violated, i.e., we have a pair A < B < h 
such that jA ~ K and js = K and B — A^n — \ — K. As v for a < c < 6 is 
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unchanged by the above procedure, the condition (D.2) for T impUes that ja can 
appear only m A <a. Then n—l — K=B — A= {a — A) + {B — b) + n — r— k~l^ 
BoK + a — A = b — B + r + k>k + l. This inequaUty contradicts with (D.l) as 

k + I ^ :ia> JA + {a ~ A) > k + 1. 

Thus (D.2) is satisfied. In the same way (D.3) is satisfied. 

Next we show that cr^/jr(^) ^Iso satisfies (D.l ^ 7). We may suppose r > 2. 
The condition (D.l) is clearly satisfied. The condition (D.4) with r replaced by 
r — 1 is satisfied by the definition of cr^ ^ ^. 

Suppose that we apply the above procedure to a tableau T ~ ((ii, • ■ • ,ih), {ih+i, ■ ■ ■ 
to get a new tableau T' = ((ji, • • • , >), [jh+i, ■ ■ ■ ,je))- Let iia,ib) = {k,k) with 
a<h,h+l<b,b — a~n — r — k + lhe the first pair replaced in the procedure. 
Suppose that (D.2) is violated, i.e., we have a pair A < B < h such that Ja = K 
and Jb = K and B — A = n — 1 — K. As ic for a < c < 6 is unchanged by the 
above procedure, we have A < a. If = Ja, i.e., iA is not unchanged, we have 
a contradiction with (D.2) for T. Therefore iA > Ja + 1- We have n — 1 — K = 
B-A = {a- A) + {B-b) + n-r-k + l, so K + a-A = b-B + r + k-2>k-l. 
This inequality contradicts with (D.l) as 

k ^ ia > iA + {a ~ A) > Ja + 1 + {a ~ A) > k. 

So (D.2) is satisfied by T' . In the same way (D.3) is satisfied by T'. 

In order to check the remaining conditions, we treat the cases separately accord- 
ing the ordering among ih, ih+i- 

Case (a): ih ^ ih+i- 

This inequality is preserved during the procedure. Therefore we have jh ^ jh+i, 
so (D.5 ^ 7) are preserved. 

Case (b): it h ih+i and ih+i = A; G {1, . . . , n — 1}. 

Take the successive part {k', k' — 1, . . . ,k) ^ iib',ib'+i, ■ ■ ■ ih) with ih — k' as in 
(D.5). Suppose that an entry in the successive part is replaced during the procedure, 
i.e., we replace a pair (ia,*b) = iK,K) with A < h, b' < B < b with B — A = 
n — r — K + 1. The inequality in (D.5) implies 

n-r-K+l<b-h + k-K = B-h<B-A. 

So this can happen only when two inequalities are equalities, i.e., n — r — k+1 = b — h 
and A~h. And in such case, we really replace the pair by the definition of (t^ ^ ^. 
Subcase (b.l): ih is unchanged. 

As we observed above, the successive part remains unchanged. By (D.5) we have 
n — r — k<b — h<n — k — 1. And the case b — h = n — r — k + 1 is excluded as we 
have just observed. Therefore the left hand side of the inequality can be improved 
to n — ?■ — A: + 1. This shows that (D.5) with r replaced by r — 1 is satisfied. 

Subcase (b.2): ih is changed. 

Suppose that ih is changed, say from fc' to jh = m with m < fc' — 1. Then 
ib' = fc' is replaced by fc — 1, if+i is replaced by fc — 2, and so on. This procedure 
continues at least until we replace if, by fc — 1. Thus m < k. This is equivalent to 
jh < jh+i- Thus we have (D.2 4). 

If ih ^ ih+i, we get jh ^ jh+i as the procedure preserves this inequality. Thus 
If ih h ih+i, we have a successive part (k',k' + 1, . . . ,fc) = {ia'iia'+i, ■ ■■,ia) with 
ih+i = fc- Therefore the procedure continues at least until ih+i is replaced by fc' — 1, 
i.e., m < fc'. Therefore jh ^ jh+i- 
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Case (c): ih h ih+i and ih+i G {1, . . . ,n}. 

This case can be proved in the same way as in case (b). 

Finally it is clear that ag^h.r and a'^ ^ ^.^^ are mutually inverse. All replaced pairs 
(fc + 1, + 1) are returned back to (fc, k). And we do not have extra replacements 
by (D.4). □ 

When r = 0, A4io{Mi^h,o) is independent of h. Therefore we get a crystal 
isomorphism between any pair Mia{Mi^h,r) and Mia{Mi^h' ,r') as a composite of 
various <7i^h".r" and a[ ^„ 

For a later purpose we explicitly write down the crystal isomorphism 

This is the composite ae^h+i,r-i(TeM+i,r-2 ■ ■ ■ (TeM+i,o'7i^h,i'^Lh,2 ■ ■ ■ '^i,h,r- i'^" 
placed pairs (fc — 1, fc — 1) are returned back to (fc, k) except for those ih+i — k — 1. 
Also we may have extra replacements for ih — k ~ 1. 

Let T = ((ii, . . . , ih), {ih+i, ■ ■ ■ , it))- We describe Ti^h,r{T) in the following three 
cases separately. 

(D.a) ih+i = k G {1, . . . , 71 — 1} and there is an entry if, = k with n — r ~ k < 

b- h <n -1- k. 

(D.b) ih+i = k G {1, . . . , n — 1} and there is an entry ia — k with n — r — k < 

h — a<n— 1 — k. 
(D.c) Neither (D.a) nor (D.b) is not satisfied. 

In the case (D.c) we simply have 

n.h.r{T) = ((ii,-- - ,4+i), (i/i+2, • • • 

Next suppose we are in the case (D.a). As was explained in the paragraph just 
after (D.7), the inequalities imply b > h + 1 and k < n — 2. Starting from if,, we 
go back ib-i, ib-2, ■■■ while entries are successive. Let ib" be the ending entry, so 
{ib"jib"+i, ■•■,«&) are successive as (A:", k" + 1, . . . ,k) and ib"-i ^ k" — 1. Also by 
the same reasoning as above, we have k" < n ~ 2. We then have 

TlJi,r{T) = ((Zl, • • ■,ih, fc" + l), 

[ih+2,--- ,ib"~i,k" + l,k", - ■ ■ ,k + l,ib+i, - ■ ■ ,««))• 

Similarly in the case (D.b), we take ia" so that {ia",'ia"+i, ■ ■■ ,ia) = {k" ,k" + 
1, . . . , A:) and ia"-i 7^ k" — 1. We have k <n — 2. We then have 

Tf./i,r(r) = ((«1, ■ ■ ■ ,ia"-l,k" -1, • ■ • , /c-1, ia+1, ' ' ' ,4, 

k"-l),{ih+2, - ■ ■ 

5.1.3. Now we study B{wi) for 2 < £ < n - 2. Let Mo,o = ^i-.o^VZ-i^oVZ+i = 
[Zl-iHf-3 ■ ' '[Zli-r '^^^^ -^(^^0,0) - B{wi) by Proposition 3.4. 
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For < j < £, we set 



J+2 



'-3 



HQ 



\2n-l-2a+2j-?, 



n 



2a+2j + l 



a=j+l 



f,2-fo/+1^0,2«-£-l^l,«+l^l,2n-i'-3 



.2j J'o,2n-£+2j-5-^0,2n-£+2j-3-''j",£+j^J'2ri-^+i-4 

if)) we define rriT-j^o by replacing the 



Y 



if j = 0, 

if J = l, 
otherwise. 



Note that Mi^ = t2„-4(A/o,o)- 

For a tableau T — ((ii, . . . , ij), (ij+i, 
a"^-entry by ia- 



1,2) is contained 



Claim. We have A/^- o G X(A/o,o) for < j < £. 

In fact, by Theorem 5.6 we have rriT-j.o with T = (3, . . . 
in ^AIg{Mjfl) as Mj^ = /);j,o- Then we get fo'mT;j,o = ™T';j+i,o with 

T' = (1, 3, 4, . . . , + 1). Again by Theorem 5.6 this is contained in A4i„ (Mj+i^o) as 
Mj+ifi = m(i ... f).j.|.i 0- By induction we obtain the claim. 

We have wt(Mj,o) = vue - jS. Thus Mi,o = z^^M^o)- As Mi^ = r2„_4(A^o,o), 
;B(A'/o,o) is preserved under T2„-4 and we have (z^)"^ = r2„-4. As in type An \ it is 
enough to study A^(A/o,o)/r2„_4. We extend the definition of Mj o from < j < £ 
to all j S Z so that Afj+^.o — T2n-4Afj,o- The same applies to other various other 
monomials introduced below though we do not mention it hereafter. 

If we apply eo to Mj^, we get the monomial given by replacing | 2 | ^ by | i L -9^-|-^ ) 
that is 



eo(M,,o)=nQ: 



l2ri-£-2a+2j-3 



n Q 



-2a+2j + l 



X < 



a— max(j+l,3) 

'Q-iSf-2„+i ifi = 0' 

□2„-f-3E£-2n+3 ifj = l, 



Let Nj^i denote | i | ^ | T | ^ in the right hand side. We have 



if 2 < j < £. 



Yr 



0,^-3i^0/+l 

Yoj-iYQ^2n-e-iYi,e+i^i,2n^e-3 

, yO,2n-f+2j-7i^o,2n-£+2i-3 



Yi. 



if j = 0, 

if J = l, 
if 2 < j < ^. 



We define Mj^i by replacing | a \ ^ by a-2 ^ for a > 3 and | 2 | ^ by | i |^ _ 



Mj-^o, that is 



2n+* 



i-2 



^-2 



a=l 



-2a+2j-7 



n a 



l«-2a+2j-3 



X N. 



a— max(j — 1,1) 
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We have 

1-2 

a=l 

= -^e - [j - - a^-i - 2af - 2a(+i - • • • - 2a„_2 - "n-i - 
= Wl-2 - {j - 1)5. 

We recursively define Mj^k by replacing | a \ ^ by |a-2| ^ for a > 3 and | 2 [ 
by [x]4-2n+* until all boxes are either | i | ^ or | T | ^. We have /c = 

0, . . . , l£/2\ where [^/2J is the largest integer which does not exceed £/2 (the integer 
part of ^/2) . We define Nj^k in the same way. We have wt{Mj,k) = 'cui-2k — (j ~ k)S. 

Let us give Mj^k, Nj^k explicitly. 

(1) fc< Lj72J: 

k 

^j-k = Yl ([Z]2n-£-4a+2j-lS-f-4a+2j + l) 
a=l 

>0,2n-£-4fe+2j-35^0,2«-f+2j-3' 

j-2fe f-2fc 

Mj,fc = iVj- fc X Y[ [Zl2n-f-4fe-2a+2j-3 ^ 11 Q-2(a-j+2fc) + l ' 
a=l a=j-2A:+l 

— -f £-2fe,2j-2fe J 0,2n-f-4fe+2j-5 0,2n-f +2j-3 
^ ^j-2fe,i+^-2fc^i-2fe,2n-f+j-2A:-4 



(2) j is odd and k = {j - l)/2: 



^j,(i-l)/2 - ^0,2n-<!-5>'o,2n-£+2j-3' 



f-j + 1 

^^J,0-l)/2 = %0-l)/2 X Q2„-£-3 ^ n Q-2a+3 

a=2 



-1 1^-1 



+2i-3^1,f +1^1.2n-f-3y£-j + l j + 1 , 



(3) j is even and k > jl2: 

k-]/2 

%fc=%j72X n (Q-4a+3S-4a-2„+5 
a=l 

= yo,«-4fe+2j + ll'o,/+1^0,2n-£-3>^o72«-<'+2i-3' 
l-2k 

M,,k=N,.kX n Q-2a-4fe+2, + l 
a = l 



i1l,-f+2j + ll'oTi'+l^"'2n-£-35^o72«-f+2j-3 if /c = £/2, 

^oT/+1^0^2«-£-3>"o72«-<'+2i-3^1 -'?+2j + l if /c = - l)/2, 

^0,l!-4fc+2i-1^0,£+1^0,2n-«-3^0,2n-£+2j-3^«-2fc,2j-2fc Otherwise, 
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(4) j is odd and k > {j + l)/2: 

^3,k = Nj,U^l)/2 X [I]2n-f-3Q-2n+3 



k~U + l)/2 

— 4a — 2ti 



+3 



a=l 

= yo,f-4fe+2j + l>'o,2«-f+2i-3^1./+1^1.2n-^-3i 
e-2k 

Mj,k = N,,k X II Q,_2a-4fe+2, + l 



a=l 



Yo-e+2j+iYQ 2n~e+2j~3^i~e+i^'i-an-e-3 if fc = ^/2, 

= " Y^2n-e+2j-3'^T-~e+2j + lY{^e+lYl,2n-l-3 if fc - l)/2, 

^5^o7/-4fc+2j-l^o72n-£+2i-3^M+l^l'2n-£-3><!-2fc,2j-2fc Otherwise. 

All Mj^k satisfy eiMj^k = for all i E Iq. The monomials appearing in Mig (A/j.fe) = 

i3/Q (TO£_2fc) can be described as in the previous subsection. Indeed for k ^ 1/2 let us 

define a monomial TOT;j,fe associated with a tableau r = ((ii, . . . , Zj_2fc), («j-2fe+i, • ■ ■ ,ii-2k) G 

De-2kj-2k,n-e-2 by 

(1) k<[j/2\: 

j-2k l-2k 

mT;,.k - ^,,k n 02n-f-4fe-2a+2j-3 H \l^^2(a-,+2k) + V 

a=\ a=j-2k+l 

(2) j is odd and k = {j - l)/2: 

e-j+i 

mT;,,0-l)/2 = iV,,fe X Q^2„-£-3 H Q-2a+3' 

a=2 

(3) j is even and fc > j/2: 

l-2k 

rriT-j = iV," fe X TT I ia I 

J J.K 111 " lf-2a-4fc+2j + l' 

a=l 

(4) j is odd and fc > (j + l)/2: 

^-2fc 

mT;,,fe = X n Q_2a-4fc+2, + l- 

a=l 

(For the case (4) the Y^l^^Yi^27i-e-3 does not change anything because all other 
Y^^ satisfy r < £+1.) For k = i/2 we set Do,j^e,n-i-2 = {0} and define m^.j^ti by 
the same formula as in (3), (4) where the last product is understood as 1. Ifk > j/2, 
we set De-2k.j-2k,n-e-2 = Di-2k,o,o, i-c, the set of tableaux whose suffixes do not 
jump. 

As Mjfi G A^(A/o,o), it becomes clear by induction on k that all M, ^ are in 
A^(Mo,o), and so by using Theorem 5.6 all rriT-j^k are in A^(Mo,o) (the argument 
is similar to one for the type An^). 

As wt(M,_o) = — jS, we have z^^(Mj,o) = Afj"+i,o by the reason explained in 
the beginning of this section. Then from the definition of Mj^k we have z^^{AIj^k) = 
Mj+i^fc. Let us consider Ti-2k,j-2k,n-i-2, where we understand it as the identity 
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map when k > j/2. It maps Mj,k to Mj^i^k and respects the /o-crystal struc- 
ture. Since such a map is unique, we have = Ti-2k.j-2k,n-i-2' ■Mio{Mj^k) 
Mi,{M,+i,k). 

We can describe Kashiwara operators e^, fi in terms of tableaux as in type An\ 
For i 7^ 0, it is basically explained in the proof of Lemma 5.2. So let us consider 
the case eg, /o- We get that eo(77iT:j",fc) is equal to 

'jTife,--- ,it-2k)\],k+i if 12 = 2 and ii-2k-i ^ 2, 

,2,T);j-2,fc-i if *2 7^ 2, Z£_2fc ^ 2 and /c > 0, 

if «i ^ 2, i2 ;^ 2, if ^ 2 and A: = 0, 
otherwise, 



and that fo{mT:j,k) is equal to 

'"^(i,2,ii,-..,if^2fc)y,fc-i if *i 7^ 2, if-^2fc-i ^2 and A: > 0, 



"^(ii,--- ,if-2fc-2);j+2,fc+i if k-2k-i = 2 and i2 7^ 2, 
"^(3-i7,»i,- ,»,-i);j+i,o if *i ^ 2, ^ 2, if ^ 2 and /c = 0, 
otherwise. 



where we denote 1 = 1 and 2 = 2, and we extend the definition of niT-j^k from 
< j < ^ — 1 to all j £ Z so that niT-j+i = T2n-i'rnT-j. We understood that the 
condition '12 = 2' is not satisfied when k = [f/2j (and hence there is no entry 
12)- Similarly '12 ;^ 2' is satisfied when k = L^/2J. The same rules apply to other 
conditions. And we will use the same conventions for other classical types. 

As we have checked the stability for operators eo, /o, all the monomials appearing 
in 7W(Afo,o) are the r2„-.4-images of the niT-j.k- 

In particular, we can describe the /o-crystal structure oi B{W{uJe)) as 

B{W{we)) ~ MiMo,o)/ze = Mi„{Mo^o) U Mi^iMo^i) U ■ • ■ U7W7„(Mo,Lf/2j) 



Bi„{^e) U Bi„{Tue-2) U ■ ■ ■ U 



Big{rui) if £ is odd, 
Bif^ (0) if i is even. 



In fact, this last result is well-known. 

As an application of the description of what we just obtained, we construct an 
expHcit bijection between two sets of monomials, one is M{Mofi)/zc, the other is 
those appearing in the g-characters of W{vJe) counted with multiplicities. Recall 
the conditions (1),(2) in Theorem 5.1. In [32] we proved that the g-character of 
W{vi7ji) is given by the sum of monomials corresponding to T = (ii, . . . , if ) satisfying 
(1) alone. We then defined l(T) as the number of pairs as in (2). Now we define 
the bijection 

{T = (ii, . . . , if) I T satisfies (1), 1{T) ~ d} 

^ {T' = (ii, . . . , if_2d) I T' satisfies (1),(2)} 

by letting T' be the tableaux obtained by removing all the pairs violating (2) in T. 

This bijection cannot be expressed in terms of monomials in a simple way unlike 
type A case. 

As another application, we get a description of the crystal B{W{'cui)) in terms 
of tableaux. Namely we identify it with {rriT-o.k | < fc < [^/2J}. Then we 
express eoTOT;0,/c, /oWT;0,fc as rriT'-o^k', "T,T";o,fc" by the above formula composed 
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with the crystal automorphism Ti^h.r for suitable h, r. This description is similar 
to one in [24, 37], probably the same if we use the isomorphism between our £'f,o,o 
and Kashiwara-Nakashima's tableaux [23] in [15]. Note that the uniqueness of the 
crystal base of W{zui) was proved in [24]. 



5.1.4. Spin representations. Finally we consider the case £ = n- 
[32, 15] we define the half size numbered box as 



1 or n. Following 



a 



Let M = Y.^oYo:^,, ^ UVM 



Y\,-p-\ 


if i = 1, 




■^l,p+1^2,pi^0,p+l 


if i = 2, 




* -^i-l.p+i-l-^i.P+i-Z 


if 3 < i < 


n - 2, 


n-2,p+n-2 


if z = n — 


1, 


^^,p+n — 1 


if i = n. 




^0,p+2n-l 


if i = 1, 




1 


if 2 < i 


< n - 2, 


' y-1 y-1 

n — l,p+n-t-l n,p+n+l 


if i = n 


-1, 


^ -^i — l,p-|-n— 1 


if i = n 





ln+l-2a 



0i-„ 



(£ = n - 1). We have M{M) ~ Biwi) by Corollary 3.3. 
Let (resp. B~^^ be the set of tableaux T = (ii, • • ■ 

(1) ia e B, ii -< 22 ^ ■ ■ ■ -< in, 

(2) i and i do not appear simultaneously, 

(3) if ia = n, n — a is even (resp. odd), 

(4) if ia ~n,n — ais odd (resp. even). 

We define tot by 



nL!0„+i-2a 

, i„) satisfying 



a- 



niT 



Iri+l-2a 



Then S/jAf) is {tot | T e S± }, where ± is - if ^ n - 1 and + if £ = n. Let 
T = (3,4,5, . . . ,n-l,n,2,T) for£ = n orT = (3, 4, 5, . . . , n- 1, n, 2, T) for £ = 
Then tot = i^27n+i^^^4>o,n. Applying /o to 77it, we get yf,4>^o7«+2 = t-4(A/). As this 
has weight wt(M) — (5, it follows that Ti{M) = z'^^{AI) as before. As a consequence, 
we have zi = t_4 and B{W{vJe)) ~ A^(M)/t4. 
We describe the action of cq, /q. We have 




,2,1)) 



if Z2 = 2, 
otherwise, 

if in-i = 2, 
otherwise. 



So the above are all the monomials in M{AI)/t4. So we recover a well-known result 
B{W{me)) ~ Big{uJe)- The map Fq,* >— > 1 gives a bijection between {tot | T G B^} 
and the monomials appearing in g-characters of W{we), where all the multipHcities 
are 1 in these cases. 
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5.2. Type B^P . We can describe monomial crystals of other classical types by a 
similar method. We just state the result without proofs. 

Let B = {1, . . . , n, 0, rT, . . . , 1}. We give the ordering -< on the set B by 

l-<2-(----<n-(0-(n-<----(2-<T. 

For p e Z, we define 

PH p = ^0,p+2^1,p: Hp = ^0,p+2^1,p+2^2,p+l, 
= Y.r-\.J,+^y^,P+^-l (3 < * < n - 1), 

p ^ n— l,p+n^ n,p+Ti— 1 1 

n~| p ^i-l,P+2n-i^i,p+2„+l-j (3 < i < ?l - 1), 



^0,p+2n-2^1,p+2ri-2^2,p+2n-l' 



[X]p ~ ^0,p+2ri-2^i,p^- 



+2n- 



5.2.1. First consider the case £ = 1. Let M = Yi.oi^o2^- It follows from Corol- 
lary 3.3 that M{M) ~ B{uJi). The crystal graph of M{M) is given in Figure 3. 
We find T2n-2 = and 7W(M)/r2„-2 = A^7„(A/). 




Ho-^Ho"^ 'GDo-^Eo-^Ho-^ ^Ho-^Ho 



0[2n-2] 



Figure 3. (Type si^') the crystal 6(n7i 



5.2.2. Preliminary results for crystals of finite type B. Let l<i<n~l,0<r< 
n — £ and < h < £. Consider the monomial 



(Q-iQ-3---Q-2h+i 

h 

n 



h+l 



'-2/i-2r-l 



/i+2 



'-2h-2r-3 



'I ^ ll-£-2r 



'-2p+ 



+ l-2p-2r 



. X n Q,. 

p=h + l 

ih), (ih+1, • • • , such that ip G B, we define the monomial 

J. I Lf+l-2r' 



p=i 
For T = ((ii 

™^=Q-S-3---B-2h+i 



-2h-3-2r 



-l-2h-2rL 

Let i3f,/i,r be the set of tableaux T satisfying the following conditions 
(B.l) «a G B, ii ^ 12 ^ • ■ • ^ i/i but can be repeated, and ih+i -< ih+2 ~< ■ ■ ■ ^ ii 

but can be repeated. 
(B.2) There is no pair a, b such that 1 < a < b < h and ia ~ k, ib ~ k and 

b — a = n — k. 
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(B.3) There is no pair a, b such that h + l<a<b<£ and ia = k, ii, — k and 

b — a ^ n ~ k. 

(B.4) There is no pair a, b such that a<h,h+l<b,ia = k, ii, = k and 

b — a = n+ l — max(r, 1) — k. 
(B.5) Suppose that ih+i = k e {l,...,n} and ih h ih+i- Then — k' is 

also in and the successive part (fc', fc' — 1, . . . , fc) appears as 

(ib'j . ■ . ,ib) with n — r — k + l<b — h<n — k. 

(B.6) Suppose that z/i+i = k <E and i/i >r i/i+i. Then i;, = k' is 

also in {1, . . . , n}, and the successive part [k' ,k' + 1, . . . , fc) appears as 

{ia' , ia'+i, ■ ■ ■ ,ia) with n — r — fc+1 < h — a < n ~ k. 
(B.7) If z/i+i = 0, then i,, ^ 0. 

Note that the conditions above are the same as the ones in [15] when r = 0. 
For T = {{ii, . . . ,ih),iih+i, ■ ■ ■ ,ie)) G Bi^h,r we define the tableau TiM,r{T) in 
the following three cases separately. 

(B.a) ih+i = k G {1, . . . , n} and there is an entry ib ~ k with n — r — fc + 1 < 

b — h < n — k. 

(B.b) ih+i = fc G {1, . . . ,n} and there is an entry ia ^ k with n — — fc + 1 < 

h — a < n — k. 
(B.c) Neither (B.a) nor (B.b) is not satisfied. 

In the case (B.a), let b" such that (if,", ■ ■ ■ ,ib) are successive as (fc", fc" + 1, . . . , 

and ib"-i ^ fc" - 1. We have k" < n - 1. We set 

Tl,h,riT) = ((ii,---,i,j,fc-" + l), 

(i/i+2,--- ,Z6"_i,fc" + l,fc",--- ,fc + l,ib+i,--- ,«i')). 

Similarly in the case (B.b), we take ia" so that {ia" ,ia"+i, ■■ - ^ia) = {k" ,k" + 
1, . . . , fc) and ia"-i 7^ fc" — 1- We have fc < n — 1. We then set 

Tl,h,r{T) = {{il, ■ ■ ■ ,la"-l, fc"-l, ■ • • , fc-1, ia+1, ' ' ' ,ih, 

fc"-l), {ih+2, ■ ■ ■ ,it))- 

In the case (B.c) we set 

Ti,hA'r) = ■ ■ ■ 7^+1), (j/i+2, • ■ ■ , ie))- 

Theorem 5.7. (1) The map T induces a crystal isomorphism between Bi_h,r 

and Mia{Mi^h,r)- 

(2) Tg^h.r induces a crystal isomorphism A^/q (Mf,h.r) to A4ii,{AIi,h+i,r) ■ 

5.2.3. Now we study B{we) for 2 < £ < n - 1. Let Mo,o = ^«,o>^o7/-i^o7/+i = 
[Zl-iHf-3 ■ ■ ■ Hi-r ^ 7^ we have 72/3 • • • /£ A/0,0 = Y^l^^Yi,e^iY^^Yi+i,i 
and for ^ = ?i - 1 we have 72/3 ■ • ■ fiMo,Q = Yi^l^-^Yij^iY'^Y^^^. By a method 
similar to the proof of Proposition 3.4 we have A^(Afo,o) — B{wi). 

For 0<j<^, 0<fc< let us define the monomial mT-j,k associated with 
T = {{il, ■ ■ ■ , ij-2k), {ij-2k+i, • • • , ii-2k)) & Bi-2k,j-2k,n-e-i by 
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(1) k<[j/2\: 



j-2k 



\2n-i-4:k-2a+2j-l 
a=l 



e-2(a-j+2k) + l- 



e-2k 

X n Q 

a=j-2k+l 

(2) j is odd and k = {j - l)/2: 

£-j+l 

mT;j,0-l)/2 = yO,2n-e-3Yo^2n-i+2j-l\][\2n-t-l li Q-2a+3 

a=2 

(3) j is even and fc > j/2: 

mT;j,k = Fo,£_4fe+2j + li^o7/+1^0,2n-f-l>'o72n-€+2j-l H EL 

(4) j is odd and k > {j + l)/2: 

'TlTy,*: = >0/-4fc+2j + li7),2n-£+2j-l^l,/+l^l,2«-f-l J| 



£-2fc 

2a-4/s+2j + l' 

o=l 



2fe 

in 

2a-4fc+2j + l 



For i = k/2 we set Boj-i^n-i-i = {0} and define mii,.j ^. by the same formula as 
in (3), (4) where the last product is understood as 1. We extend the definition of 
mr-j.k for all j G Z so that mT-j+e,k = T2n-2mT-j,k- 

We describe the action of cq, /q. We get that eo{'mT-j,k) is equal to 

' W(j3_... ,i^_2fc);j,/c+i if 12 = 2 and if_2fe-i ^ 2, 



(n,--- ,if-2fc,24):j-2,fc-l 



if 12 7^ 2, i£_2fc ^ 2 and A: > 0, 



if ii ^2,i2^'2,ie^2 and k = 0, 
otherwise, 



"^(J2,--- ,if,3-ii)y-l,0 



and that fo{mT:j^k) is equal to 

'7^(l,2,^l,■■■ ,if_2fc)y,fc-l 



if zi ^ 2, ii?-2/c~i ^ 2 and k > 0, 
Ae^2k-2);j+2.k+i if »<'-2fe-i = 2 and 12 7^ 2, 
'^(3-iI,zi,- ,z,_i);j+i,o if *i 7^ 2, ii^i ^ 2, ii h 2 und k ^ 0, 
otherwise. 



So all monomials of M{Mofi) are connected to either Mj^k (0 < j < £, < fc < 
[£/2j) or their r2,i-2 images in the /o-crystal, thus 

MiMo.o)/T2n-2= U Ml,{Mj,k). 

o<j<e,o<k<ie/2\ 
Moreover forO<j<^-l,0<A:< [e/2\ we have 

{zey^{mT-j,k) 'mre_2k,j-2k.„-i-i{T);j+l,k- 

We have r2„_2 = (z^)"^, and all monomials in A^(A/o.o)/'''2n-2 are written as 
''^T;j,k- The crystal automorphism is given by t^^^i, ^_2j, n-e-i- 
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So we get 



Bi„ (toi) if £ is odd, 
Bi„{0) if ^ is even. 



Our crystal structure described here is probably the same as one in [24] if we 
use the isomorphism between our i?£,o,o and Kashiwara-Nakashima's tableaux [23] 
in [15]. Note that the uniqueness of the crystal base of W{ii7e) was proved in [24]. 

5.2.4. Finally we consider the case £ ~ n. Let M = l^ri,o^o7n-i- follows from 
Corollary 3.3 that X (A/) ci; S(n7£). 
Let 







ifi = 


1, 


Y\ , p + 1 -^2 , p , p + 1 


if i = 


2, 


^ j-l.p+i-l 


^i,p+j'-2 


if 3 < 


i < n — I, 


n — l,p+?i — 


1 


if i = 


n, 






ifi = 


0, 


1 ^0,p+2)i+l 


if i = 1, 








if 2 < i 


<n- 


1, 


1 

I. ^n,p+n+2 


if i = 71 







Then the monomials appearing in Mi^iM) are tot — Yl2=i 
with a tableau T ~ {ii, . . . , in+i) satisfying the conditions 

(1) ia e B, li ^ 12 -< • • • ^ 1,1+1, 

(2) i and i do not appear simultaneously. 

We have Zi = t_4. We describe the action of eo, /o : we have 



+2-2a 



associated 



eo(TOT) = 
/o(™t) = 



T-4(™(,3,... 



•r4('71(i^2,ii, 





2,T)) ifi2 = 2, 
otherwise, 

if«« = 2, 
otherwise. 



So all monomials in M{M)/t4 are written as tot. As an application, we recover a 
known result S(VK(cc7£)) = S/o(n7^). 

By the condition (2) there is always an entry ia = 0. If we remove this entry, we 
get the tableaux description in [23]. 

5.3. Type ci^\ Let B = {1, . . . , 71, 71, ... , 1}. We give the ordering -< on the set 
Bby 

1^2^---^?i^n^---^2^T. 

For p G Z, we define 

m = >7I1p+.>'.p+.-i (1 < * < n), 

\JX ^ >7-l,p+2«-»>;rp+2„+i_,; (1 < « < n). 
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5.3.1. First consider the case £ = 1. Let M ^ FoTi^Vi^o- It follows from Corol- 
lary 3.3 that M{M) ~ B{vji). The crystal graph of M{M) is given in Figure 4. 
We find = z-^ and 7W(M)/r2„ = A^/„(A/). 



1 2 7^~l 71 7Z 

Qo-^Br^ 'Qq-^Hq- 



Figure 4. (Type Ci^^) the crystal ^(1^1) 



5.3.2. Preliminary results for crystals of finite type C. Let l<£<7i, 0<r<n- 
and < ft. < £. Consider the monomial 



Mfh.r = Yh 



Ye 



e-2h+l 



(Q-iQ-3---H 



h+1 



'-2/i-2r-l 



h+2 



'-2h-2r-3 



•Si- 



-2p-2r 



p— 1 p—h+1 

For r = ((zi, • • • ,ih), • • • ,*£)) such that ip £ B, we define the monomial 

"^^=QD^-iB-3---B-2h+iE 



«h+i 



'-l-2h-2r 



'-2h-3-2' 



/■■0-f+l- 



Let Ci^h.r be the set of tableaux T satisfying the following conditions 

(C.l) Za e B, zi ^2 -< • • • -< ih, and i^+i -< ih+2 < ■■ ■ _ 
(C.2) There is no pair a, b such that 1 < a < 6 < ft and ia = k, i(, = k and 
6 — a = 71 — fc. 

(C.3) There is no pair a, b such that h + 1 < a < b < £ and ia = k, ib = k and 
6 — a = 71 — fc. 

(C.4) There is no pair a, b such that a<h,h+l<b,ia = k, ib = k and 

b — a = n+ l — max(?', 1) — k. 
(C.5) Suppose that ih+i = k G {!,..., n} and i/i ^ i/i+i- Then i;, = k' is 

also in and the successive part (fc', fc' — 1, . . . , fc) appears as 

{ib',ib>+i, ■ ■ ■ ,ib) with n — r — k + \ <b — h<n~k. 
(C.6) Suppose that ih+i ~ k E and i/i >r Then i;, = k' is 

also in {1, . . . , n}, and the successive part (fc', /c' -I- 1, . . . , fc) appears as 

(ia' , ia' + l, ■ • ■ , ia) with 71 — T — fc-|-l <ft — a<71 — fc. 

Note that the conditions above are the same as the ones in [15] when r = 0. 
Note also that we only have r = when £ = n. 

For T = ((ii, . . . ,ih), (i/i+i, . . . ,ii)) € Q^/^^r we define the tableau Ti^h,riT) in 
the following three cases separately. 

(C.a) ih+i = k G {1, . . . , n} and there is an entry ib = k with n — r — k + 1 < 

b — h < n — k. 

(C.b) ih+i = k G {1, ... ,71} and there is an entry ia ~ k with 71 — 7- — fc-|-l < 

ft — a < 71 — fc. 
(C.c) Neither (C.a) nor (C.b) is not satisfied. 
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In the case (C.a), let b" such that {ib",ib"+i, ■ ■ ■ ,ib) are successive as (fc", /c" + 1, . . . , fc) 
and ib"-i ^ k" — 1. We have k" < n — 1. We set 

T£,h,r{T) = ((ii, • • ■,ih, k" + l), 

[ih+2,--- ,ib"~i,k" + l,k", - ■ ■ ,k + l,ib+i, - ■ ■ ,u))- 

Similarly in the case (C.b), we take ia" so that {ia" ,ia"+i, ■■■,ia) = {k" ,k" + 
1, . . . , /c) and ia"-i 7^ k" — 1. We have k < n — 1. We then set 

Ti,h,riT) = {{h, ■ • ■ ,ia"-l,k" -1, • ■ • , /c-l, ia+1, ■ ■ ■ ,ih, 

k"-l), {ih+2, ■ ■ ■ ,ie))- 

In the case (C.c) we set 

Te,h,r{T) = ((ii, ■ • • ,ih+i), (j/i+2, • ■ ■ , ie))- 

Theorem 5.8. (1) The map T v-^ hit induces a crystal isomorphism between Ci^h,r 
and Mia{Mi^h,r)- 

(2) Ti^h.r induces a crystal isomorphism Mia(Mi^h.r) to fAig{Mi_h+i,r)- 

5.3.3. Now we study B{vJi) for 1 < £ < n. Let Mq ^ Yi^Y-J; ^ Q^iQ^g • ■ '[Zli-r 
It follows from Corollary 3.3 that M{Mq) ~ B{wi). 

For < j < let us define the monomial tot;j" associated with T = {{ii, . . . , ie-j), {ie-j+i, • • • , ii)) G 
Ce,e-j,n-e by 

— Y\_ I '° l-2j+£+l-2a ^ TT E]3£+l-2n-2j -2a ' 
a=l a=e-j + l 

We extend the definition of mx-j for all j £ Z so that rriT-j+e = T2nmT-j. 

We describe the action of eo, /o by computation on monomials. We get that 
eo(TOT;j") is equal to 

^^{^2,■■■ MJy,j+i if «i = 1 and ie ^ T, 
1 otherwise, 

and that fo{rnT-j) is equal to 

j if «i ^ 1 and Z£ = T, 

10 otherwise. 

We have r2„ = zj^ and all monomials in A^(A/o)/t2„ are written as rriT-^j. The 
case ^ = n is exceptional. We have t2 = so A^(Afo)/T2 — B(ty(ci7„)). The 
Pel-crystal automorphism zi is given by t'[1_^_^ . 

As an appHcation, we have 

B{W{wi))~Bi,{wi). 

A conjectural description of the crystal of B{W{we)) was proposed in [36]. As 
their description is given by relating the crystal to an ^2n+i-crystal, it is not clear, 
at least to authors, whether their conjecture is true or not. 
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5.4. Type 4n (^^ > !)• Let B = {1 
the set B by 

l-<2-<----<n-<n^----<2-<T 



1}. We give the ordering -< on 



For p G Z, we define 

[IX ^ Y^.P+^-lYrip^, (2 < J < n), 

|T]p ^ >"i-l,p+2r^-^l^i~+2„-^+l {2 < i < n) . 



5.4.1. First consider the case e ^ 1. Let M = Yi^qY^)-^. It follows from Corol- 
lary 3.3 that M{M) ~ B{-cui). Let M' = io{M) = ^o.-ii^/- The crystal 
graph of A4{M) is given in Figure 5. We find r2„ — z^^ and A4{M)/T2n ~ 
Mi,{M)UMi,iM'). 




Qo-^Hr^ 'Qo-^Ho-^ 



Figure 5. (Type A^^n) the crystal B{vJi) 



5.4.2. Now we study B{we) for 1 < i < n. Let Mo,o = >"«,oi^o7/ = [Zl-iH^-a ' ' ' Hi- 
lt follows from Corollary 3.3 that M{Mofi) ~ B{wi). 

For < j < £, < k < £, let us define the monomial rriT-j^k associated with 
T = {{ii, . . . ,ig-j^k), {i]-2k+i, ■ ■ ■ ,ii-k)) e Ci-kj-j-km-i by 
(1) Q<k<t~j -I: 



e-j-k 

mT:J,k = {Y^^l_2j^0.e-2j-2k) Y[ QZI- 



2j-|-£-|-l-2a-2fc 



e-k 



n 0: 



a£+l-2n-2j -2a-2k ' 



(2) l-j<k<e-l: 

t-k 

mT;j,k = (^o7/-2j^O,-^>'o7/-2„^0,-2«+3£-2j-2fe) nE3f+l-2„-2j-2a-2fc- 



o=l 



For fc = £ we set Co,-j>i-f = {0} and define mni-j^k by the same formula as in (1),(2) 
where the last product is understood as 1. We extend the definition of mT-j,k for 
all j e Z so that mT-j+£,k = T2nmT-j,k- 
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We describe the action of eo, /o- We get that eo{mT-j,k) is equal to 

'TO(i2,-,i*~fc);i,fe+i if ii = 1 and ii^k 7^ T, 

^{iu- M-kJy,j+i,k-i if *i ^ 1' ^e-k ^ T and /O 0, 
otherwise, 

and that fo{niT;j,k) is equal to 

"^(iu- M-k-i)\j-i.k+i liii^l and = T, 

otherwise. 

We have T2n = and all the monomials in A4{Mo^o)/T2n are written as mT-j,k- 

The case £ = n is exceptional. We have T2 = z~^, so A^(A/o)/r2 ~ B{W{mn)). For 
i ^ n, the crystal automorphism Z£ is given by T^_}k e-j-k~i n-e- application, 
we have 

B{W{we)) ~ Bi,{w() U U • • ■ U6/„(n7i) U 6/„(0). 

A conjectural description of the crystal of B{W{we)) was proposed in [36]. As 

their description is given by relating the crystal to an ^2n+i"'''^y^^^i' i^ i^ ^"-"^ clear, 
at least to authors, whether their conjecture is true or not. 

5.5. Type A^^J^'' (n > 1). Let B = {1, . . . , n, 0, n, . . . , T}. We give the ordering -< 
on the set B by 

l-<2-^----<n-^0-^?T^----<2^T. 
For p S Z, we define 



□p 


" i-l,p+i-' t,P+t-i 


(1 < i < ri - 


-1), 


Hp 


— Y^^ Y^ 

n — l,p+n n,p+n— 1 ' 






Hp 


V 








— J- n-l,p+n-^ n,p+n+l' 










(1 < 


i < n 



5.5.1. First consider the case i = 1. Let M = Yq / 5^1,0- It follows from Corol- 
lary 3.3 that M{M) ~ B{wi). The crystal graph of M{M) is given in Figure 6. 
We find T2n = zj^ and A1(Af)/T2„ = 7Wj„(M). 



□o-^Ho- -Qo-Eo-H;- ^Ho-^So 



Figure 6. (Type A^^l^) the crystal B{wi) 
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5.5.2. Now we study B{vJt) for 1 < £ < Let A/q = Ye^Y^^-^ = Q.^Q-a ' ' 'Hi-f- 
It follows from Corollary 3.3 that M{Mo) ~ B{we). 

For < j < £, let us define the monomial rriT-j associated with T = ((ii, . . . , ie-j), {ig-j+i, • ■ • , it)) € 
Be,£-j,n-e by 

e-j e 

^T;j — Y\_ I '° \-2j+l+l-2a ^ I '° l3£+l-2n-2j-2a' 

a=l a=e-j + l 

We extend the definition of rriT-j for all j S Z so that rriT-j+i = T2„mT;j. We 
describe the action of eg, /o by computation on monomials. We get that eoiniT-j) 
is equal to 

i^it2,- Mjyj+i if «i = 1 and h ^ T, 
10 otherwise, 

and that foimr-j) is equal to 

if ii ^ 1 and Z£ = T, 
otherwise. 

We have r2„ = and all monomials in M{Mo)/T2n are written as niT-j- The 
Pel-crystal automorphism zg is given by T^i^j^i „^£- As an application, we have 

A conjectural description of the crystal of B{W{w()) was proposed in [36]. As 
their description is given by relating the crystal to an ^2n+i-crystal, it is not clear, 
at least to authors, whether their conjecture is true or not. 

5.5.3. Finally we consider the case £ = n. Let M = Y^^qY^I = [Xli-ilIElri-3 ' ' ' I " ■ 
It follows from Corollary 3.3 that M{M) ~ B{wn)- Let us define the monomial 

Tot = TTl'-i ia associated with T = (ii, • • ■ ,«„) satisfying (1) ia S B and 

h ~< i2 -<■■■< in but can be repeated, and (2) there is no pair a, b such that 
ia = k, ih = k and b — a = n — k. The above exhausts all monomials in A4/q(M) 
(see [15, Proposition 2.10]). We describe the action of eo, /o on these monomials : 
we have 




eo(TOT) 



/o(tot) = 




if zi = 1 and i„ ^ 1, 
otherwise, 

if in = 1 and ii 7^ 1, 
otherwise. 



So the above exhausts all the monomials in A4{M)/t2. We have T2 = z~^, so 
M{M)/t2 ~ BiW^Wn)). As an application, we have B(W{wn)) ^ S/o(n7„). Note 
that ti7„ is identified with the twice of the n"^ fundamental weight of gig . 

5.6. Type A2n_i (n > 3). Let B = {1, . . . , n, ri, . . . , 1}. We give the ordering -< 
on the set B by 

l-<2-<----<n-<?I^----<2-<T. 
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For p ^Z, we define 

= r,il,,+,y..p+.-i (3 < * < n), 

Hp = ^i-l,p+2«-i^i^+2n+l-j (3 < « < n), 

H p = ^0,p+2n-2yL,p+2n-2^2,p+2n-l' Hip = ^0,p+2n-2yi,p+2n- 

5.6.1. First consider the case £ = 1. Let M — YifiYQ^2- It follows from Corol- 
lary 3.3 that M{M) ~ B{wi). The crystal graph of M{M) is given in Figure 7. 
We find T2n-2 = and yW(M)/r2„_2 = A^/„(A^)- 



0[2n-2] 



1 2 n-1 n 71 - 1 

Ho-^Ho"^ 'Ho-^Ho-^ 



^Ho-^Ho 



0[2n-2] 



Figure 7. (Type ^2n-i) the crystal S(n7i) 



5.6.2. Now we study B{vJi) for 2 < £ < n - 1. Let Mo,o = ^^.o^'oTZ-i^oTZ+i = 
HL-iHf-3 ■ ■ 'Hi-r hh ■ ■ ■ fe{Mo.o) = Y^i\^Yo,e^iY~lYe+i,i, we see as in 
Proposition 3.4 that Al(Mo,o) ^ B{we). 

For < j < ^, < fc < £/2, let us define the monomial rriT-j.k associated with 

T = ((«1, . . . , ij-2k), {ij-2k+l, ■ ■ ■ , il-2k)) & Cf-2/c.j-2fe,n-f-l by 

(1) k<[j/2\: 

j-2k 

mT;j,k =Yo,2n^i^4k+2j-lY-^^_^^2j-l R H2„-f-4fc-2a+2j-l 



a=l 



-2k 



^ n HL-2(a-j+2fe) + l' 
a=j-2fc+l 

(2) j is odd and k ^ {j ~ l)/2: 



i-j+i 



-2a+3' 



"^T;j,0-l)/2 - '^0,2n-f-3>"o,2n-f+2j-lH2n-i!-l 11 HI- 

a=2 

(3) j is even and k > jl2: 

e-2k 

'mT;j,k = >0,«-4fe+2j + li^o./+1^0,2,i-f-l>"o,2n-£+2j-l H QZL-2a-4fc+2j + l ' 

a=l 

(4) j is odd and k > {j + l)/2: 



-2k 



mT,j,k = >0/-4fe+2j + li^o,2n-£+2j-l^l,/+l^l'2«-f-l J]^ HL- 



a=l 



■2a-4fc+2j + l 
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For k — 1/2 we set Co,j-e,n-i-i = {0} and define m%-j^k by the same formula as 
in (3), (4) where the last product is understood as 1. We extend the definition of 
rriT-j.k for all j £ Z so that mT-j+t,k = T2n-2'7iT;j,fe- 

We describe the action of ep, /o. We get that eo{'mT-j,k) is equal to 



"^fe,--- ,H-2k)i3.k+i if 12 = 2 and ie^2k~i ^ 2, 

24):i-2,fe-i if *2 7^ 2, i£_2fe ^ 2 and A: > 0, 
if ii ^2,i2:j^2,ii^2 and k : 
otherwise, 



"^(J2,--- ,if,3-ii)y-l,0 



and that foi'm'T-j.k) is equal to 

'7^(l,2,^l,■■■ .M~2k);3:k-1 



if ii 2, i^_2fe-i ^ 2 and A: > 0, 
'^{ii,- ,ii-2k-2);]+2,k+i if i£-2fe~i = 2 and 12 7^ 2, 

if_i);i+i,o if *i 7^ 2, ii-i ^ 2, ^ 2 and A: = 0, 
otherwise. 



We have r2„_2 = and all monomials in A^(A/o.o)/T2n-2 are written as 

'mT:j,k- The crystal automorphism is given by T^l2fe j-2fc n-^-i ■ applica- 
tion, we have 



S/„(n7i) if is odd, 
Bi„ (0) if £ is even. 



A crystal base on W{we) was constructed in [12]. A key fact used there is that 
W{wi) remains irreducible when it is restricted to for the finite dimensional 

Lie algebra g obtained by removing the vertex n. They showed that the crystal base 
for the restriction is preserved also by e„, /„. By the uniqueness of the crystal base 
for an irreducible ZYg(0)-module we conclude that their crystal base is isomorphic 
to the B{W{vjt)). However their description of the Kashiwara operators was given 
in terms of g, it is not obvious to compare our description to theirs. 



5.6.3. Finally we consider the case £ = n. Let Mq — i^n,oi^o.n-i — Ill^i E^n+i-2a' 
It follows from Corollary 3.3 that M{Mo) ~ B{ru£). 

For < fc < ln/2\, let us define the monomial rriT-k associated with T = 
{ii, . . . , in-2k) G C„_2fc.o,o by 

n-2k 
a=l 

where the case n = 2fc is understood as before. 

We describe the action of cq, /q. We get that eo{mT-k) is equal to 

if 22 = 2 and in-2k-i ^ 2, 
if 12 7^ 2, in-2k ^ 2 and A: > 0, 
if h ^ 2, 12 7^ 2, i„ ^ 2 and A; = 0, 
otherwise, 
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and that fo{niT:k) is equal to 

'"^(i,2,n, -- ,i„_2fc);fc-i if H 7^ 2, J„_2fe-i ^ 2 and A: > 0, 

T4(m-(ii,-- ,i„_2fc-2);fc+i) if hi~2k-i = 2 and Z2 7^ 2, 

T2(m(3_- ,,,_^).o) if ii ^ 2, i„_i ^ 2, i„ ^ 2 and fc = 0, 

^0 otherwise. 

We find that zg = t_2 and the monomials appearing in M.{Mo)/t2 are written 
as rriT-k- As an application, we have 



S/o(tui) if £ is odd, 
(0) if £ is even. 



5.7. Type d[^1^ (n > 2). Let B = {1, . . . , 71, 0, ri, . . . , 1}. We give the ordering ^ 
on the set B by 

1 <2 < ■ ■ ■ ^ n <0 <n ■ ■ ■ ^2 
For p G Z, we define 

Hp = >;,P+.-l>".lU+. (2 < Z < 71 - 1), 

p ~ -'n-l,p+ri-'ri,p+?i-l' 

I " I p = -^n-l^P+n-^n.p+n+l' 

Hp = i".-l,P+2„-,i^,:pV2n-.+ l (2 < * < n - 1), 

I ^ I p ~ ^0,p+2n-l^l,p+2n- 



5.7.1. First consider the case £ = 1. Let M = i^Lo^o i^- follows from Corol- 
lary 3.3 that M{M) ~ B{vui). Let M' = eo(Af) = Fo-iI^oT/- The crystal 
graph of ^A(M) is given in Figure 8. We find r2„ = and A^(M)/t2„ = 
yW7„(Af)UX/„(M'). 



opr.] 



□o-^Ho-^ -Hp-Ep-Hp ^Hp-Sp 



Figure 8. (Type ^i^li) the crystal B{wi) 
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5.7.2. Now we Study S(ti7f) for 1 <t<n-l. Let il/o,o = YloY^J Q-iQ-a ••• Hi- 
lt follows from Corollary 3.3 that A^(A/o,o) — B{wi). 

For < j < £, < fc < let us define the monomial mT-j,k associated with 
T = ((«i, . . . , ig-j-k), {ie-j-k+i, ■ ■ ■ , U-k)) G Be^k,e~j-k,n-e by 
(1) < fc < ^- j - 1: 

e-j-k 



a=l 

11 L_LJ3^+l-2)i-2j"-2a-2fc' 
a=e-j-k+l 

(2) j < /c < ^ - 1: 

e-k 

mT;j.k = (^o7/-2j^O,-f>"oT/-2„^0,-2«+3£-2j-2fc) n[iZl3f+l-2n-2j-2a-2/c- 

a=l 

For k = iwe set Bo^~j,n-e = {9} and define mni.jj, by the same formula as in (1),(2) 
where the last product is understood as 1. We extend the definition of "^T;i,fe for 
all j e Z so that mT-j+t,k = T2nmT;j,k- 

We describe the action of eg, /o- We get that eo{mT-j,k) is equal to 

'm(i2,...,i^_fc)y,fc+i if zi = 1 and ie-k 7^ T, 

"^(ii,- ,z,_fc,T)y+i,fc-i if «i 7^ 1) «f-fe ^ T and A: > 0, 
otherwise, 

and that fo{mT:j,k) is equal to 

™(n,---,i*-A,-i);i-i,fc+i if «i ^ 1 and = T, 

,if„fc);j,fe-i if «i 1, *«-fe T and fc > 0, 
otherwise. 

We have r2„ = {zi)~^ and all monomials in A^(A/o.o)/t2„ are written as rriT-j.k- 
The crystal automorphism zg is given by g_j_i;_i ^-g- As an application, we 
have 

B{W(wg)) ~ e/„(tZ7,) U S/„(t77,_i) U • • ■ U S/„(n7i) U BiM- 

A conjectural description of the crystal of B{W{wg)) was proposed in [36]. As 
their description is given by relating the crystal to an ^2n+i"^^y®^al, it is not clear, 
at least to authors, whether their conjecture is true or not. 

5.7.3. Finally we consider the case £ = n. Let M = K„.o^o ri- It follows from 
Corollary 3.3 that A^(Af) ~ 
Let 



0. 



^ j-l.p+i- 


Y 

1 i,p+i- 


2 


if 1 < j < 


n — l,p+n 


-1 




if i = n. 








if i = 0, 




if i = 


1, 




1 


if 2 < 




< n - 1, 


Y-2 


if i = 


n. 
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Then the monomials appearing in Mig{M) are tot = naii0„^_2 2a associated 
with a tableau T = (ii, . . . , in+i) satisfying the conditions 

(1) la e B, ii -< ^2 ^ ■ • ■ -< in+1, 

(2) i and i do not appear simultaneously. 

We describe the action of eo, /o on these monomials. We have 

■ ,«„+i,T)) ifii = l, 



eo(mT) 



faimT) 




otherwise, 

,)) ifi„+i=T, 
otherwise. 



We have T2 ~ (zi) ^ and the above monomials are those appearing in M.{M)/t2- 
As an application, we have B[W[wn)) — Bj^X'^n)- 

6. Finite dimensional crystals - exceptional types 

In this section we treat all exceptional cases (except some nodes of type Ej^\ 
E^^\ and for one node of type E^j^^ where we do not get the decomposition in 
/o-crystals at this moment). We enumerate the nodes of the Dynkin diagram as 
explained in section 3.2. 

6.1. Type EnK Recall Vig{X) denotes the irreducible iYg(g7o)-module with the 
highest weight A. To save the space, we write ip instead of Yi^p in some places. 

6.1.1. Let ^ be a nonzero vertex with = 1, i.e., £ = 1 or 5 for i^g^^ and £ — 6 
for E^^\ In these cases it is known that the corresponding level fundamental 
representation W{wi) is restricted to the irreducible Z^g(0/o)-module Vio{wg). Let 
us consider A4{M) for M = YefiYg~g^ where 9i is the distance of and £. By 
Corollary 3.3 we have Ai{M) ^ B{zue). Moreover an explicit calculation shows 
that y^.p^o'e'f+p ~ ''p(-^^) appears in A4{M) where p = 6 for Sgi"* and p ~ 8 for 
e!^^\ By the weight calculation we have zi = T-p. Hence M{M)/Tp ~ B{W{vJi)). 
We can check that all monomials are connected to some t^{M) in the /o-crystal. 
This recovers the above mentioned result that W{wi) is restricted to Vig{wi). 

Let us explain the Eq^'' case for an illustration. Let M = ¥5 0^^-4 . Then a 
calculation shows that the following 27 monomials appear in Big{AI): 

5oO^\ 4.,52%\ ^2^3%', 632334 104!, 6^123, 146325-104!, 146^^2^134, Ig I63O4-- 
Ig 16^134, 1436 I45, le-i2536 I45, l44f I56, 27145, I^i254fi56, U5^\ 2j%A^^5g, 
Ig 1255^1, 6733 I56, 2f 13658 1, 69 I56O8, 6733 14753 1, 69 1475^108, 674g 1, 69 i384g IQs, 
29340 Os, lio2ii O3, I42 O3. 

Applying /o to Gg^beOs, we get SgOj^pi = rg(M). It is also clear that all monomials 
are connected to either M or its rg-images in the /o-crystal. 

Remark 6.1. (1) For a level fundamental representation W{wi) the correspond- 
ing quiver varieties are moduH spaces of vector bundles of rank ai on ALE spaces. 
In particular, they are moduli spaces of line bundles for the cases studied here. 
Then each component is a single point, and it is a geometric reason why W{wi) is 
restricted to the irreducible representation o{Uq{Qi„). 
(2) This crystal has been studied in [27]. 
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6.1.2. Let I be the vertex adjacent to the vertex 0, i.e., I — 6 iov Eq^\ 1 for i?^^' 
and i?g^^ We have ae = 2. It is known that W{me) is restricted to the direct 
sum of the adjoint representation Vi„ {wi) and the trivial representation Vi^ (0) of 
^qiSio)- We can check this, for example, by using the algorithm for the t-analog 
of (^-characters [29]. All the coefficients of monomials are 1 except one, whose 
coefficient is 1 The exceptional monomial is Y^^^Y^^ for Eq^\ is.s^sTio for 

S^^^ and Y5.i4Y^~ie for E^^^\ if the ^-highest weight monomial is Ye^o- 

Let M = Ye^oYa~lYf^~p where p = 5 for £;^^\ 7 for e!^^^ and 11 for E^^\ We have 

Eg ■ fsfeM = Y4^2Y2,2Y^^Yq^ , 

El : /3/2/lM = r7,3n.3i"374 i^oV/: 

^8 : hhhhhM - 5^6,511^.5^:6 ^oTA ■ 

By the same argument as in the proof of Proposition 3.4, we see that M is ex- 
tremal. Therefore ^A{M) ~ B{zui). A direct calculation shows that the mono- 
mial corresponding to the lowest weight vector in the adjoint representation is 
m = Yfil^YoM'^-pYoM'^-i where /i^ is the dual Coxeter number, i.e., = 12 for 

Eq^\ 18 for Ej^^ and 30 for E^^\ Applying /o to m, we get Yqm'-' -pY^^j^^ ^i, which 
corresponds to the trivial representation. 

We have foeem = yo7/!v_p+2^^,'i''-p+i^'?.'i''-2^;:iV_i, where i is the vertex ad- 
jacent to £ different from 0. A direct calculation shows that 

is in MioiM). (Note that (/i^ - p+ l)/2 is 4 for \ 6 for e!j-^ and 10 for E^^\) 
Therefore T(/jv_p+i)/2(M) is contained in M{M). The weight of ^h'-' _p^iy2{M) is 
equal to wt(7\/) — d. Therefore this is z'^^{M) and we have T(^h'^ _p^iy2 = z'[^ and 

M{M)/T^f,._p+,y2 ^ B{W{^i)). 

We can also check that M{M)/T(^jiv_p_^iy2 — Mio{M) U {Yoji-^-pY~^^^^}. 
Therefore we recover that W{vJi) is restricted to Vig{wi) © V/q(0). 

Let us give E^'' case for an illustration. The following monomials appear in 
S/„(6o0r^05-i): 

6oOr'0^\ Q2^?,i%\ 223^14205 \ I324 i420^\ 2244 I53O5 1, I5-M2O5 \ I324 I3344 1530^ 

2285 ^0^1, 1^1334715305-1, 13643^1530^1, 1324 1335^10^1, 1^154243^15305-1, 1-1335^10^- 
I366 153, 13643^14455 lo^i, 1^15^12453, 6426 153O5-1, 1^154243^14455-105-1, 1366 14455-1, 

136446-105-1, 66-I26-I3553, l5-i6g-i244455-i, 542-I4455-IO5-1, 15-I54244-IO5-1, 1366-1354-1, 
3f 14653, 6^126 I354455I, I5I66 124354^1, 642^1354^105-1, l3263f 1, 4^15357, 3f 144455^1, 
65 '3146 1, 15-12425371, 646637165-1, I3I728-1, 5359 1, 444^155-157, 3537 1, 17II72428-1, 
6468 iQ^i, I3I9 1, 4455-15^1, 3546 14^157, 662637^46, I726 12^135, 66 163 I35O7, 15^119 '24, 
3546 15^1, 662637143157, Sg I2637I46O7, 17662^137146, I9 126 I35, 662637i5g-i, 58-i264^i5 
I768 12^14607, I76628 14^157, 1^15637146, 63 1265^107, 1763 12^1374^15767, I9 15^14667, 
I76628 i5g 1, 19 1664^157, 175^12^1375^167, 1^153 1374^15767, 1739 I57O7, 17'665^i, 
Ig 153 I3759 IO7, 19 12839 I57O7, 1739 i485g-i07, I9 12839 1485^107, 27^15767, l747o'07, 
27oi485^i07, l^i2847oi67, 270I39470I67, 6io37ii67, 672167611. 

There is 6466371671 as claimed. We can also check that all monomials are 
connected to either M, 67673I or their r4-images in the /o-crystal. 
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Remark 6.2. (1) In this example, the corresponding quiver varieties are either a 
single point or an ALE space of type i?„. The graded quiver varieties, which are 
fixed point sets of a C*-action, are single points or a complex projective line. The 
latter gives the monomial with coefficient 1 + t^. 

(2) The crystal structure here is isomorphic to one studied recently in [3]. As 
the crystal graph is connected, we conclude that the crystal base constructed in [3] 
are isomorphic to B{W{-a7e))- 

6.1.3. Let g = E^^^ and £ = 2. The i-analog of g-character of W{vj2) has 351 
monomials among which the following 27 monomials have coefficients 1 + and 
others have 1: 

3335-I53, 333^i445^\ 334-1, 64243^1444^1, 6^i24444e-i, 15642-144461, 1565 12^1354445-1, 
If I644446 1, If 166 135444^1, 1537144, 1712537144, I53537I46 I55, 2^144, 17126353714^155, 
I53537 5y , 2g 354g 55,17 253537 5y , 2g 3567 , 66262g 37 55,66262g 37 4657 , 
6g 262g 55, 6g 262g 4657 , 66262g 4g , 6g 262g 374g , 263g , l72g 373g , Ig 373g . 

From this (or by other methods) we can see that W{vj2) is restricted to Vi^ (072)© 

Let us consider the monomial crystal A1(M) with M = 2o0;^i0^i. From fef3f2M = 
I1426JIO7I, we see that M is extremal by the argument in the proof of Proposi- 
tion 3.4. Therefore M{M) ~ B{w2). 

There is a monomial 

m = 156^16^14407 = kMMhhhhhhkhf2M 

in M-io{M). We have 626366/0™ = 17"^l52207"^09 1. By the weight calculation, we 
find that this is z'^^{M). Let us denote this by Mi. 
In A4ig{Mi) we can find a monomial 

m' = l76ro'4809 = hfMhhhfihhhhhhMi. 

We have 626366/0™' = 260g"i07i^ = tq{M). This is equal to z^'^{M). 
We have 

5307^1 = 6564636560 • Te{M) 

in M{M). Write this Mq-i. Then Mia{Mo-i) consists of the following 27 monomi- 
als: 

5307^1, 4457107^1, 3546 '07^1, 662637i07ii, 67I26O7O71I, I76627I071I, I767I27I37O7O71I, 
I7I66O71I, I7I67I37O7O71I, I737I48O7O71I, I7I2837I48O7O71I, I7470I59O7O71I, 270I48O7O71I, 
I7I28470I59O7O71I, I7571IO7O71I, 270I39470I59O7O71I, I7I28571IO7O71I, 270I39571IO7O71I, 
610371I59O7O71I, 6io37ii4io57ii0707ii, 67315907071', 672I410571IO7, 610472IO7O71I, 672i3n472i07, 
212373^07, I13274IO7, 175^07. 

We have 6564636660-^/1 = l^'lsS-iO^'- Set this Afi^i. Then (7\/i;i) consists 

of 

171155.109-1, 17il54o57iOg 1, I3 II53147I07I, I7II52237I62O7I, I7II52267I07I, 
l527'620g 1, I527I3367IO3O7I, I7I27I2662O7I, I7I27I263367IO3O7I, I537I44O3O9-1, 
I7I2637I44O3O7I, I547I55O3O7I, 27I37I3744O3O7I, I7I2647I55O3O7I, I557IO3O7I, 
27^374715503071, I7I2657IO3O7I, 27I3757IO3O7I, 37I47I485568O3O7I, 37I4857I68O3O7I, 
47I4855670IO3, 4857I670IO3, 470I57I5968O3O7I, 39470I57I59670IO3, 210371I57I59O3, 
I11272I57I59O3, I73I57I59O3. 
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These have different weights, so there is only one way to make a bijection to the 
above polynomials with coefficients 1 + preserving weights. It is the bijection 
given in order. 

Also it should be possible to make the bijection between A4i„{M) and Mig{Mi) 
explicit, though we do not do here, as both are 351 monomials. 
Thus we have 

M{M)/Te - Mi„{M) U MiM) U MiM;i) U A^/„(^/i;i), 

and we have a crystal isomorphism r interchanging Mi„{^^) ^ -^lai^'h) and 
Mi„{Mq-i) ^ Mjg{Mi-i). These follow from the known results, but should be 
possible to check directly from the above computation. 

6.1.4. Let 3 ~ Eq^^ and £ = 3. It is known that W{-cu3) restricts to Vigiws) © 
Vi^izue)®^ © Vi^iwi + W5) © V/JO) as a ^(g/J-module. 
Let M = 3o0^^04 ^Og ^ We have 

m = /6/3/6/4/2/3M = l2233r'435265-i0e-\ 

By the same argument as in the proof of Proposition 3.4, we see that M is extremal. 
Therefore M{M) ~ 8(^3). 
We have 

m' = hflflflfihfnn = 14345465-167206 

in MioiM). Then 

63 64 62 63 eg 66 /om' = 3204 ^0(^10^1 = T2{M). 

By the weight calculation, this is z^i(M), so we have ze = r_2 and Ai{M)/T2 ~ 
B(W{wi)). 
Let 

Afi = g6eoT-2(M) ^eiOg-iOg-i. 

Then Mig {Mi) is the crystal of the adjoint representation of g/Q. By 6.1.2 the lowest 
weight vector is 6j"3i080i2 x 020g ^ = 6j"3i020i2. Applying t_2/o, we get M2 = OqO^j^. 
Applying /o again, we get M3 = 6i0^i0]^2^. Looking at monomials in 6.1.2, we find 
I467 i54060j~2i in A^/o(M3). Applying /o, we get M4 = l4540^i0j~2i- This monomial 
generates the /o-crystal of Vig{ij7i + vu^). 
Thus 

M{M)/t2 = Mi.iM) U MiM) U MiM) U Mi.iR'h) U Mi^iN'h). 

This follows from Res Woiw^) ~ Vi^ (103) © Vjg {wq)®^ © Vj^ {wi + tug) © (0), but 
it is probably possible to check directly from the above computation. 

Remark 6.3. The authors do not find the last two examples in the literature. One 
can probably check their perfectness, though we have not done yet. 

6.2. Type G^^K 
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6.2.1. First we consider l^l. Let M = Yi^qY^IY^^^ . As h{M) = Y{^^^Yl^Y^^^ , 
we see as in Proposition 3.4 that M{M) ~ B{wi). 

As 61626^60/1 i\/ = T^2{M), M-[M) is preserved under r_2. It has weight 5, so 
= r_2 and hence M{m)/T2 ~ S(M^(737£)). 

Let A/' = eo(A/) = ^0,-1^073^- We have Mi^iM') ^ {M'}. The following 14 
monomials appear in Mio{M): 

loO^^O^i, 2^17^03 \ 2^2;^ -^0^\ 2123^^12031, 23^1103!, 212314!, 1214!, 2125!, 

I4-223O3, 23-I25-H2, 2225-II4 IO3, 2325-2O3, 25-3O3I4, 030516"^ 

By direct calculation, we find that these 14 monomials and M' are all monomials 
of A4{M)/t2. As an application, we get 

This crystal was described in [38, 3]. The crystal base is isomorphic to ours by 
the same reason as in 6.1.2. 

6.2.2. Now we consider the case £ = 2. Let M = ^2,0^0 2^- follows from 
Corollary 3.3 that M{M) ~ S(tn£). The following 7 monomials appear in Mi„{M): 

M = 2a0^\ 7712 = 112^10^1, 1713 = 13^21, rrii = 222^\ = 242I3, = 
1^^2404, J717 = 2^104. 

The crystal graph of M{M) is given in Figure 9. We find zi = r_4 and 
M{M)/Ti = Mi„{M). 

The authors do not find a description of this crystal structure in the literature 
(probably because it is not perfect), but one can easily obtain it from the description 
of its /o-crystal structure in [16]. 
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Figure 9. (Type G^^^) the crystal B{w2) 



6.3. Type ^^4^'^ 

6.3.1. First let ^ = 1 and M = 0^071^^075^. We have /2/1A/ = i7)75^i^273^i^3^2 and 
so we see as in Proposition 3.4 that (A/) ~ B{zui). As 6162616462636362616160/1 A/ 
r_4(A/), M{M) is preserved under T4, which has weight 6. Therefore we have 
ze = r_4 and M{m)/T4 ~ B{W{zue)). 

Let Af ^ eo(A/) = yo,-i>"o75^- We have Mi,,{M') = {A/'}. 

The following 52 monomials appear in Mi„{M): 

1,0^%\ l2"'2i05-i, 23-13205-1, 3234-I43O5-1, 2334-24205-1, 3245-IO5-1, 1425-I42O5-1, 

2334-14345-105-1, 16-142, 1425-14345-13405-1, 2345-205-1, 1^-1344345-1, 1425-145-23205-1, 

1436 1430^1, Ig 1253^143, Ig '3l4^^ 14343^145-105-1, 2f 13643, Ig 1253^1344^1, 14253 
38-i4743_,^27i36344_5-\ Ule2j%\ ^^'4^, 38-i3445-|47,^252f 1, l4l8"'0705-i 

3445 4g , 253g 3g 47, 1527 36, Ig Ig 25O7, 253g 4g , O7I8 2^ 3|, 162^ 363g 47, 
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l62f i364g \ Ig 13638-^4707, 163^^42, 1-13649 IO7, 163^14749 1, 18 12738^4207, 18-1273^14749 IO7, 
I649-2, 29-14207, 29-i38474g-i07, l8"'2749-207, 3^0^4707, 29-I3249-2O7, 333^0^49-107, 
293io O7, lio2ii O7, 1^2 O7O11. 

These 52 monomials, M' and their T4-images are all monomials of Ai{M). As 
an application we have 

B{W{wi))^Bi,{^i)UBi,{Q). 
The crystal base is isomorphic to one in [3] by the same reason as in 6.1.2. 

6.3.2. Let us consider £ = 2 and M = Y2fiY^^^YQjYQ^^ . We have /1/I/I/1/2A/ = 
^i,2^i,z^2A^i.b^o,& and so we see as in Proposition 3.4 that M{M) ~ B{vJi>). As 
e2e\e2e\e2e\e\e2e\eQfif2fifif2M ~ t_2(A/), M{M) is preserved under T2, which 
has weight S. Therefore M{M)I T2 ~ B{W{wt)). 

Let M2 = ciCqM = Y^Iy^qYi,-i. The following 52 monomials appear in 
Mi,{M2): 

l_i04 iQg 1, ir'2oOo04 lOg-i, 22-I32O0O4 lOg 1, 3133-I42O0O4 lOg 1, 2283 242O0O4 iQ^i, 
3i4jiOo04 iQe 1, 1324 i420oOji06 1, 223^1424^ lOoOr'Og \ I,^i420o06 \ 132^14244 i330^i0o04i06i, 
2247^0004106 1, 1^1334344 lOoOe', l32r'44 2320^iOo04i06-\ 133,^14205-10004 i06-\ 
I^i243^i420o06 \ 1^132442000-1, 13333,^144 lOoO^iO^i, 2e i35420o0^i, 1^1243^-13344 lOoOg-i, 
132435-20^10004 lOgi, 3f i46420o0^i, 25-1353344 lOoO^i, 1,^12235-2000^1, 13152^^05-10004 lOgi, 
48 '42O0O6 \ 3713344146000^1, 2426 i0o06-\ l3lf 'OoOg \ 3344 M^iOoO^i, 243^1371460006 \ 
I526232O0O6I, l5-ilfi240o0^i, 243^14-1000^1, 1712-13200, 1.52-i353fi460o0e-i, 
1526-I354^i0o0ei, 1^1353^14600, l537'420o0g 1, Ifi354^i0o, 153714648-iOoOg 1, 
If i263f 242O0, If i263f i464^i0o, l54^2o^o-i^ 23 I42O0, 23 1374743 lOo, If i2648 'Oo, 
3g 460o, 2g 3248 Oo, 373g 4g Oo, 2339 Oo, 192^q Oo, l^ OoOio- 

Let M3 = eie2e|e2e2e|e2eieoM2 = Fi,_5Fo76^^~-4- The following 52 monomials 
appear in MiaiM^^): 

l_506-iO:i, llj2_406-\ 2:i32„306-i, 3_33lj4„206-i, 2_23:242_206-i, 3_34o-i0e-i, 
I_i2-i42_206-i, 2_23:j4_24-i06-i, lri42_20o06-i, I_i2-i4_24o-^3_i0e-i, 2_24o-'0e-i, 
iri3_i4_24o 'OoOo \ l-i2o 14923^^06 1, 1_i3ri4_207i, Ir'2o3ri4_20o0^i, iri32_i4o 2O0O6 1, 
l_i3_i3ri4o lOg 1, 22-i3i4_20o0^i, iri2o3ri3_i4o IOqO^i, I_i2o3r2o-i, 37i424_20o06 1, 
27i3i3_i4o 'OoO^i, iri223r'Oo06 \ I-1I127IO6 \ 4^14-20006 \ 33 i3_i4o M2O0O7I, 
2o2f lOoOg 1, l_ilji0206 1, 3_i4o I44 lOoOg 1, 203^133 I42O0O61, 112^232090^1, Ifilg I20O2O0O6 1, 
203^144 lOoOgi, I3 I27I32O0O2O6 1, 1127I3137I42O0O6 1, 1127I3144 lOoOg 1, I3 I3137I42O0O2O6 1, 
li33 242O0O6-1, I7I3144 IO2O0O6 \ I137I4244 lOoOg \ If 1223^242020906 1, If i223f i424f lOaOoOg-i, 
li4f'OoOfi, 2f i42020oOfi, 2fi33424fi020o0fi, If i224f 2o20o0e-i, 3f i42020oOf 1, 
2f i324f2020o06-i, 333f i4f lOaOoOfi, 243f 2o20o0f 1, l52f lOaOoOg-i, If IO2O0. 

Let A/4 - 60^3 = Fo.-ei^o^e' and Ah = ~eleleleleQ~h~f2M = Yl^2Y^:^Y^^^ . We 
have A4i„{M4) = {A/4}. We do not give the list of monomials of A4/q(A/) and 
Mia{M^) (a total of 1598 monomials). 

All monomials of A4(A/)/t2 are connected to either A/, A/2, A/3, M4, A/5 in the 
/o-crystal (it is possible to check from the above computation; or it also follows 
from ResW^(w2) = Vi,{w2) ® Vi,{wi)®^ e ViM © Vi,{2wi) ). 

6.3.3. Let us consider £ = 3 and AT = Y^^^qY^^Y^^^ . We have fihfsM = 
y4,i>'3,2>"M ^of^i and so we see as in Proposition 3.4 that A4{M) ~ B{wi). Let 
Ml = e3e2e3e^eie2e|eie?eo/i/2/3A/ (I4 -i^^:^ 3)^3 ,- 4^073^5^07-1- This has weight 
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wtM + 6 and hence zi{M) = Mi. As 

63626364616263626160/1/2/3^/1 = Fa _6i^o7-i^o7-3 T-6(^jf), 

A4{m) is preserved under rg and we have {zi)^'^ = tq. 

Let us define the monomials M3 = e4e3e2eieoM = yQ~5^y4^_3 and Af4 = e4e3e2eieoMi = 
14,-1^7-3^,-7^73^- In particular, as is compatible with the operators e-;, it fol- 
lows from ze{M) = Mi that ZiiMs) = M4. 

The following 26 monomials appear in A^/„(A/3): 

4_305"\ 3_24:j0,^\ 2_i3o-i05-\ lo2r'3o05-\ lo32-^4i05-\ l2-^3o05-iOi, 1043-^05-1, 
I^i2i3^i4i0^i0i, I^i2i4ji0^i0i, 2^1324105-^01, 2^i3i4^i0^i0i, 3ri4i430^i0i, 
323^^0^101, 4i4^i0^i0i, 2334 2430^101, 3243 I4JIO5-IO1, 142^i430^i0i, 2334 i4^i0^iOi, 
I6-I43O1, 1425-I3445-IO5-IO1, l6-i344g-i0i, I436-IO5-IO1, l6-i2536-i0i, 27I36O1, 38-I47O1, 
49-IO1. 

The following 26 monomials appear in A4ig{M4): 

4_i4:i4„703-i, 3_64:^4_i4:i03 1, 2_53:l4_i4:i03 1, I_42:i3_44-i4:i03 1, I_43:i4„i0,-i, 
I:i3_44_i4:i0_30^i, I_43:i3o4ri03 1, 1:i2_33:i4_i0_307', Il22-331^3o4ri0_303-i, 
2:i3_24_iO_30^i, 2:j3_23o4riO_303 1, 3^14^ ^O-gO^i, 2:j2i3_23^i0_30^i, 4_i4ri0_303~\ 
2i3o-i32-i4_i0_30,7\ 3o4-2o_303-i, l223-i3o-i324_iO_303-i, 2i32-i4-i0_303-i, l4-i3o-i324_iO_3, 
I223 i324ri0„307i, I4 i324ri0_3, 123ri4ri430_30^i, I4I2334 14^1430-3, 25-i344ri430_3, 
36 '454ri430_3, 4f i4ri430_3. 

The crystal isomorphism zg is given in order. 

It should also be possible to make explicit the bijection between A4/„(M) and 
Mio{Mi) (but to do not write it in the paper as there are 273 monomials). 

All monomials of A4{M)/tq are connected to either M, Mi, M3, M4 in the Iq- 
crystal (it is possible to check from the above computation; this follows also from 
ResM^o(^J73) = Vi„{w3) ® Vi,{zu4)). 

6.3.4. Finally consider ( = A and M = Y4fiYi^l. It follows from Corollary 3.3 that 
Ai{M) ~ B{wi). As 6463626163626461626160^/ = T-e{M), M{M) is preserved 
under rg, which is of weight S. So zi = t_6 and M-{M)/Te ~ B{W{zu£)). 
The following 26 monomials appear in Mig{M): 

40O4 1, 314^104!, 2233 loji, 132413304!, 1335-14404!, 15-133, 1346-104 1, 15-1243^144, 

l5-i244g-|, 26|3544, 26-i3i4e-\ 3fi4446, 3537I, 4443 1,^2637-%, 3546-143-1, l7_2^M6, 
2637 4g , Ig 4608, l72g 374g , Ig 374g 03,1739 , Ig 283g Og, 2^^ 39O8, 3^^ 4io08, 

472^08 . 

These are the monomials appearing in M{AI)/tq. We thus have B{W{we)) — 

Remark 6.4. The authors do not find the last three examples in the literature. 
One can probably check whether they are perfect or not, though we have not done 
yet. 

6.4. Type . 

6.4.1. First let ^ = 1 and M = Yi^oY„-^Y„-^ . We have /2/iAf = ^7)75^1^273^1^3, 2 and 
so we see as in Proposition 3.4 that M{M) ~ B{Tue). As eie2e3e4e2e3e2eieieo/iM = 
T_4(M), M{m) is preserved under T4, which is of weight 6. Thus we have zi = r_4 
and M{m)lT4 ~ B{W{wi)). 

Let M' ^ eoM = Yq-iY^J. We have TW/^ (Af) = {A/'}. 
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The following 26 monomials appear in Mio{M): 
_loOr_i05"\ 2il2-i05-^\ 322^^05^1, 4_33r'2305^i, h2,^U0^\ 45-^12305-1, 43 45-1342-11405-1, 
45 34I5 , 3g 25I4O5 , 3g 25lg , 2^ I4I6O5 ,252^ , I4I8 O5 07,302^ l6,25lg Ig O7, 
4r38il6, 362fil8i07, 4^il6, 4733 127I8-IO7, 491271^107, 472^107, 49-1332^107, 
3io 29O7, 2jj I10O7, I12 OyOii- 

These 26 monomials, M' are all monomials of M{M)/t4. As an appHcation we 
have 

The crystal structure here is isomorphic to one studied recently in [3]. As the 
crystal graph is connected, we conclude that the crystal base constructed in [3] are 
isomorphic to B{W{wi)). 

6.4.2. Now we consider ^ = 2 and M = i^2,o>"o72^i^o74^i^o76^. We have fifihhhM = 
^4,2^3,3y2~4^^i~5^^o"6^ ^^'^ 8° Proposition 3.4 that M{M) ~ B{we). As 

e2e3e2e^e2e4e§e2e^eo/i/|/3/i/2-/V/ ~ t^2{M), M{M) is preserved under T2, which 
is of weight 5. Therefore we have zi = t_2 and A4{M)/t2 ~ B{W(vc>e)). 

Let M2 = ciCqM = Yi__iyg-4iyQ-gi. The following 26 monomials appear in 

l_i04 iQg-i, 2oir'0o04 lOg 1, 3i22-iOoOri06 1, 4233-I22O0O4 lOg 1, 4327113000410^1, 
44 I22O0O4 iQg 1, 42l^i0o0^i, 44 I3324 II3O0O4 lOg-i, 44 I33I5-IO0O6 1, 3^i24l30o04 lOg-i, 
3^i2ll-i0o0g 1, 2-II3I5O0O4 lOg 1, 242-iOoOg 1, l3lf IO0O4 1, 352-2l50o0g-i, 2415-ilf IOq, 
463f ilsOoOg-i, 352^117 lOo, 4^il50o0g-i, 4637i26lf IQo, 45 i26lf IOq, 462^10o, 4^i372^iOo, 
3g 280o, 2;^g I9O0, 111 OoOio- 

Let M3 = eie2e3e2e4e3e2eieoM2 = Fi^_5yQ-giyQ774. The following 26 monomials 
appear in MiaiM^): 

l_50:l0g-i, 2_4i:X-i, 3-32:X"\ 4_23:j2_20g-i, 4_22o-il_iOg-i, 4o-i2_20g-i, 
4„2lr'0o07i, 47 i3_i2oil_i07i, 4o i3_ilri0o06 1, 3ri2ol-i06 1, 3ri22l7i0o0g-i, 
2-il_ili06 1, 202-IO0O7I, l_il3 IO7IO2, 3i2-2li0o0g 1, 2olril7iOg-iOo02, 4233-II1O0O7I, 
3122-I17IO0O6 IO2, 47II1O0O7I, 423JI22I3 iOoOg-i02, 47I22I7IO0O6 IO2, 4227IO0O7IO2, 
47I3327IO0O6 IO2, 37i240o0g-i02, 2g-il50o0g-i02, If IO0O2. 

Let M4 = eoMs = Yo^^eY„^^. We have MioiAU) = {M4}. 

Let M5 = 6463626160/1/2-^'^ = ^4 _2yo~2^^o~6^- The following 52 monomials ap- 
pear in MiaiM^): 

A_202 %\ 4o i3_i02-i0g-i, 3^12202-106 1, 2o22-ili02-i0g-i, 3i22-2lf02-i06 1, 2013-iOg-i, 
4233-il?02-i0g-i, 3i22-ilil3-i0g-i, 4jil202-i0g-i, 4234-II1I3-I22O6-1, 3il3-2020g-i, 471221113-106 1, 
4233-1 l3-222020g-i, 4224-II1O6-1, 47I3327II1O6-1, 44-i2il3-2020g-i, 422227II3-IO2O7I, 

3712411071, 471332712217102071, 423327202071, 2711511071, 35-1242217102071, 
4713127^02071, 424437102071, 17111, 271221711502071, 3337102071, 4247102071, 
2217117102, 332712711502071, 4437^2202071, 4714713302071, 3327117102, 4713712202071, 
44371242711502071, 443712417102, 471243711502071, 442721202071, 4712417102, 

4427II5I7IO2, 47I35272I2O2O7I, 47I3527II5I7IO2, 4417^0206, 37II2O2O7I, 37I26I5I7IO2, 

4713517^0206, 2711502, 371221720206, 262711710206, 372720206, 483710206, 47010206. 

We do not Hst the 273 monomials of Mia{M), but we can check that all mono- 
mials of M{M)/t2 are connected to either M, M2, M3, M4, M5 in the /o-crystal. 
As an application we have 

B{W{vj2)) ^ Bi,{^2) U Bi„{wi) U Bi„{wi) U Bi,{Q) U Bi„{^4). 
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6.4.3. We consider £ = 3 and M ^ Y^^.^Y^^^Y^^^ . We have fUlhM = Ki, i ^3,25^174 i^oTs^ 

and so we see as in Proposition 3.4 that A4{M) ~ S(rof). As e3e2e4e|e2ef e2e|e2e4e3efef CgM = 
t-q{M), ^A{M) is preserved under rg, which is of weight —4(5 = —2di5. Therefore 
we have {ze)-^ = tq. Let Mi = e:i^elhelelele\e\elflf^hM = Y-^Y-l^Y:^^^^. 
This has weight wt(M) + di5, hence we have zi{M) = Mi. 

We do not determine the /o-crystal components of A4{M)Itq at this moment. 

6.4.4. Finally let us consider £ = 4. Let M = Y^^qY^^^. It follows from Corol- 
lary 3.3 that M{M) ~ B{we). As e4e3e|efe3eie4e|eiefegM = T_e{M), M{M) is 
preserved under Tg, which is of weight —25 = —dgS. Therefore we have Z£ = T-q 
and A4(M)/t6 ~ BiWiwe)). 

The following 52 monomials appear in A^/„(Af): 

AoOf, 2-%0~\ 3j'2l0f, 2,2~h30f, h^fllOf, 2,l~%\ 4435-11104-2, 
3324-11315-^04-1, 46-111042, 4435-11315^12404-1, 331,72, 46-i24l3l5"'04-i, 4435-II5-22I, 

4427I13071, 47I3527I13071, 47I21172, 442427I171, 3f i26i3ori, 47I3527I24171, 

4435272, 27il7l307\ 37i2624_17\ 47I32272, 444637\ I7II3O8O7I, 27I24I5-II7, 
353f 1, 4447I, 24I7I17IO8, 3527I27II7, 463^222, 47I47I35, 3527I17IO8, 4713^121, 
4637i26^27il7,_4637i26l7_i08, 47I2627II7, 4627_2l2, 47_i26l7i08, 4627ll7l7'08, 
47 3727 17147 3727 I7I7 08,4617 0|, 37 17,37 28I7I7 08,47 37I7 0|, 27g I7O8, 
37 2|17 0|, 282^0 17 0|, 39270 Ol, 4io37i 0|, 4^2 O7OI. 

Let M' — 6162636261 egM = Yi _ 31^-41 Yj^-i; 2. The following 26 monomials appear 
inA^/o(M'): 

i„30i^07i, 2_2i:}07i, 3^1271071, 4037I20O71, 4027I11O71, 47I20O71, 40I3 IO2O7I, 

47I3127II1O7I, 47I31I7IO2O7I, 37I22I1O7I, 37I2217IO2O7', 27II1I3O7', 2227IO2O7I, 
I1I7I, 33272I3O2O7I, 22I7I17IO2, 4437II3O2O7I, 3327I17IO2, 47II3O2O7I, 4437I24I7IO2, 
47I24I7IO2, 4426 IO2, 47I3527IO2, 37I26O2, 27II7O2, I7IO2O8. 

Let M" = ioM' = 10,-4^074^. We have MioiM") = {A/"}. 

The above exhausts all monomials oi M{M)/Te. As an appHcation we have 

BiWiwi)) ~ Bi„{wi)UBi„iwi)UBiM- 

Remark 6.5. The authors do not find the description of the examples ^ = 2, 3, 4 
in the literature. 

6.5. Type ofK 

6.5.1. First we consider £=1. Let M = Yi^oY^'iYf^i . As fiM = Y{^^Yq^^Y2.i we 
see as in Proposition 3.4 that A4{M) ^ B(wt). The following 7 monomials appear 

M = I0O7I07I, 1112 - 17^07121, m3 = 27I1207I, 7714 = I2I7', ms = I7223O3, 

7716 = 27II4O3, 7777 = I7IO3O5. 

Let M' = r2(eoM) yo,i^o75^- We have Mi^iM') ^ {M'}. The crystal graph 
of A^(M) is given in Figure 10.' We find that zi = t_2 and M{M)/t2 ^ A^/o(M)U 

This crystal was described in [11]. 

6.5.2. Now we consider £ = 2. Let M ~ ^2,0^0 2^- -^^ follows from Corollary 3.3 
that M.{}.1) ~ B{wi). As e2e\e2e\elM = t_4(M), M{M) is preserved under T4, 
which is of weight 35 = ^2^- Therefore zi = r_4 and so (777)7x4 ~ B{W{we)). 

The following 14 monomials appear in Mig{M): 
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Figure 10. (Type D\^') the crystal B{wi) 

2oO-\ 2,HlO^\ l?l3 '02-^ 22lil3-202-\ I3-312, 24 ilil302-\ 2224^, I1I5-IO2-IO4, 
24-^13, I3-II5-I22O4, 24 ilil5-i04, Isls'Ol, l5-'0324, 2e-i0i 

Let M2 = eieoA/ = Yq j^Yi,-!- The following 7 monomials appear in MigiAh): 
0^^1-1, OoO^^^r'So, 0o0^2^22-i^0o0^ilil^\ l^^a^Oo, 24II3O0, I,^i0o04. 
Let A/3 = eie2eieoA/2 = Yi,_3Fq-_':2Yo 2^- The following 7 monomials appear in 

Ol^-'l-a, 02-ii:j2_2, 0^Hl,2^\ Oo02-il-iir\ ir'2o0;^02-\ 22-ili0202-\ 13-^0^ 
Let Af4 = (?oAf3 = Fo -4i^o72^. We have A1/o(A//4) = {Af4}. 

By direct calculation we can see that all monomials of A4 (A/) /T4 are connected 
to either M or M2 or Af3 or Af4 in the /o-crystal. As an application we have 

B{W{m2)) ^ Bi„{w2) U Bi,{zui) U Bi,{zui) U S/„(0). 

The authors do not find the description of this example in the literature. 

7. Discussions 

(1) As we saw in the simply-laced type examples (except the last one in 6.1.4) in 
this paper, we can construct explicit bijections between monomial crystals A4{m) 
and the set C(mo) of monomials in (/-characters counted with multiplicities. (Here 
Too is obtained from to by setting Yq,* as 1.) Their origin is combinatorial and we 
do not understand their representation theoretical meaning yet. In the example in 
6.1.2, the global crystal base element corresponding to the exceptional monomial 
does not belong to a single ^-weight subspace. 

Also we can check that the bijection is compatible with the crystal structure in 
the following sense: Let A4ig{mo) be the component of the monomial crystal for 
Qig containing toq. Let p: M{m) Mi(,{mo) be the composition of the above 
mentioned bijection and the map obtained by forgetting multipHcities. Then p is a 
morphism of the crystal (but not strict). This is not true in general. 

Counterexample: In the g-character of W{'CU3) for Eq we have monomials mi = 
^3,4>"376^n,3>"275^Fi,4 and m2 = Y^,^Y^-f^Y4;;r^Y5^4.Y^r^Yi^4. with coefficients 1 + 2^+1-^ 
and 1 + t'^ + f^. We have /4TO1 = TO2 in the monomial crystal. If we had a 
crystal morphism which preserves the weight, the 4 vectors corresponding to TOi 
would necessarily satisfy (^4 > 1 , and each of them would be sent by /4 to vectors 
corresponding to m2. As there are only 3 of them, we have a contradiction. 

(2) In [35] Naito-Sagaki proved that the crystal of Lakshmibai-Seshadri paths of 
shape zui is isomorphic to B{'cui). This result is better than Theorem 3.2 in the 
sense that they determine all paths, not in a recursive way as ours. Therefore it 
would be nice if we could give an explicit map from the path crystal to the monomial 
crystal. 
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